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5t )6od ou" qSoB eroeeD ee*.

9.3 S0$d$o

9.4 Sayer
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9.15 Soar.J;p6odPerp5$elSt55Fp;oeD

e.16 5160 S5g. ${er
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9.3 505c$c:

9.4 ;bo& 9.9 lqr"med bop5 rndo 150.1o,5zr&o6. XO$ $$F; qpaso (fi.$.cr.) (g.c.d.) $Oc$)
53$ $5rS5 lbelao (5.$.1b.) (L.C.M.) er;5r S$Oo$, X.$.el.tb XeSor5a-$S 5r4aS fda Sg (atgorithm)

3dr5o.5a&oB. [5o"5 boarSotb $d5$oo, 1 sod =r$es Fs {rgove sps s6om pe5 bop5o o3orTo



(gwc[:5J.1$ C<1l3ror,5a&o6. tpe5 X:oa5er Xl$& er5o6o er$ (:"6 o5r'"ro'5a&o6. 5S ;rl.y 55:trSev

r5>s6ero $6Jo, p55 €A beod55l, erquo5 irgoe55>, -oo'g bgoe5tu, fo"15 bgoe5Sr B>5olb

bocps;nfod$ tF5lp Sopoeo aoergo '56;o'5a&53

9.10 ;bo& 9.12 lar'IPe6"'b5ytr;ro5o" r5o.1o.5a&o6. "dfuX65oLgd)", 'S5)f5o", "45 X>S:rSo",

'.:q8oS b$rxr.o" er3 qrS5exb Fiifb* b5:rXFo 6rsb S'Q $rps degexb q5{3o.56o aof56.

boat"j p55r:, b:5rr$ yoerd$ zr55o;$ iuoq:ton" eruo Sn:$Xa-Sts 5o:rr eris ecPP6e:eD

Q$ar&ror;

Soqr5 ;F65D

9.4 ?flaser):

{fgoso 5lc&S 2.f sO{sr. er55cr 3$eosa:uroe5 56$ ero[ erxrd0 C5:; e56Xe baw$eu:

( Lower Case Eng |ish Letters) g"oosexb ill0{5r:.

9.4.1. Sd555o: a,ber: {f$boo5ur, a*0 erS: ax=b er&5og{y$ro+5 6od bS a qr8xgo6. dS

a $ b sr^o;)a>c:eIro6 erS eroe;r5l. €a 5o56;5>d a lb er$ gr{tu. bp a ?,J'Ao'5SSd a

f ber$ 15r{5rr.

alb eroud aC b $ s6eeo55r) dg qr"a55> erS, bl a$ l'ue8a5r er$ erce.r5n.

9.4.2. 6elts6aer: : 5125, -8156, 17151,.....

12.l t7,2+ 13,....

g.4.g. S55S55> : alb, 0 < a < b ero>d aS b$ {>5i arcS5:: er0 epoe.r5>.

eg: 36 S, 3 $g ?.t"se5sD.

ateO ero>d ala, alO er$cfu, all erold a=tl er$o5o: X$So.55'5.15c.

9,4.4. 3rqc65)t

(1) alb+albc, (ceZ)

(2) alb, blc+alc

(3) alb, alc+al(bx+cy), x,yeZ.

(4) alb, bla=a=tb



o5rtcr66s6tta6uu>
6156cctdSD

(s)

(6)

alb,a.>0,b>0=a{b '

m*0 er$td albemalmb

a55$:

(3)

(4)

(s)

(1) af b+b=ax erdr5otg Z8 x Aoc>o6.

= bc=axc '',

+al(uc)
'ri

\
(2) alb, bld'.*U=ax, c=byer&$rag 26" x,Yo&ocrou'

\

g e =by =alry

+alc

af b , af c=b=8i11 , a=\2, \t,izeZ

bx + cy = llQlx +'aLz| =a(qtx + q2y), Tlx + q2y Ez

=al(bx+cy)

al b. hl a + 3 qt, 9z ezlb=agl, a=bq2

+ a=aqlqz

='a (t-q1qz)=0

' 
?,1=qrq2 (; art0)

+ql =qZ =l dS Ql =q2 =-l

?a=b dS a=-b

alb=3qezlb=ag

.a >0,b > 0,b =aq + q > 0=q >1 +aq>a

l:.:. ;;l
:'*-.rT:ilit

:+'bla (dS a<b)



(6) albe3qezab=ae

<+ mb = haq, . (..m *0)

c> malmb

XelesjX$s sgos €i tgo6 eb bgoee eog5i$Jib.

9.4.5. AbbgoeSo : a+0, b1, b2,.,..ibn, X1; x2r ...,xn eZ er;bg5r5t.

er$cb, a I br, alb2,.....,albn +al(b1x1 +.....+bnxn).

9.4.6. 3rcnoel5p(sfrF$€6t€{30): a. beD{tgo5"eD, a>0eropd b=ae*r,0<r<aerd:5eur
5gs 6'goser q,rs55[e5r:gcro>. 5. sod6;o66 a { b ero>d O<r<a ergdtroB.

A55g: S={b-ma/b-ma Z0; m eZ} er;b$;b$.

e06.to&c$Sdeg5;bb0o0 lm 61 3maSb,

b-ma>0+S *0.

sot !$b Sc$5rSD 1ps6o, SdG Sf5,IyoSo r 6oa>o6.

reS 33qeZ t r=b-qa

+b=qa+r

p693, r)0

r2a eribgod, 0sr-a=b-qa-a =b-(q+l)aeS,;$ot r-a€S,r-acr ergd,ro6 q6

56' r SS$ Suerso erS eSS t6gio.

Sibg 0<r<a

bgs.f - --b=aQt *r1, gl, ryeZ,0<rg <a els:sibsr:.

qa + r =q1a +fi :+(q -qr)u = fi -r

+lq-qrlu=lr1-rl

0 < rca, 0 s11 < a + 0s[q -.rl <a + 0<le -e1la < a

+ o <le -qrl < t =+lt -9rl = o

lct \



o66C'6 F$uuoar'erl
o6re56eedA66D

-q-ql =0+q=ql

qa+r=Qa+[=r=fl'

g.4.7. A5 bgoelo : a,b eZ,a*o erqDd b=ga+r,O(r<lal er$.!r. Zd 5gS Xuoseu Q,fer>

6oerou.

6559: a>0 ero.:r5$cb f:goerQ 9.4.5d $drbcr;5r:'

a < 0 erib$;b5D.

lal= -a > o

bgoeSo 9.4.5. 5.:o&, f Q', t' eZt

b=q'lal+r',0<r'<lal

b = q'(-a) + t' =(-q')u + r', 0 < r' < lal

q=-q', 1=1' m&rrSod

.'. b=Qa+r, 0<r<lal er$6co6.

C6t$5o: b=aq+r,0<r<lal ero>d bib aS qlno5tfo 5035 fd$o I er$,€Ao r G,$ eroe'r5>'

sd5dso: alb, alc emrd as b, c o$$SrS5arasodslsrs5se6efosodeesrg&ar"zsso

dcr ASog& s-6eeo5o etoer5D.

--!- 
-!-9.4.10. S65SFo : Sbfo a"Se3 SoQ s$ {y"goseD e'on, 65 {1"9;o5o g5:

(i) glb, glc So6c[r:

(ii) grlb,grlc+glgr erord

g c b, c o xE$ $5:o55 qpueso (X.$.sr.) eroO.J.sD. b, c o x.y.ar'.s{(-b., .c )d S:oou$r.

bgodir: 9.4.4.d (a) ibo& b,cer X.$.ar.Sgssn '5r65t$;50' 
:

qd ldon" 55ro 2,56.p.u b:5; ssul5od fqoseu b..I,"'ibner dDs6 x'$'ar'51

3d3,)or55,5r35c. b 1, " ", bn o d>56. x.).er.;b (b1, b2,""""" """', b) ) tf sOqS'

9.4.1L bqoc5o: ke Z,a=bk+c, ero)d (a,b)=(b,c) er$i$oa'

A55g : (a,b) - g, (b,c) = 91 er5oSib5l.

9.4.8.

9.4.9.



(a,b)=g+g.la,glb

irgoelo 9.4.46e (3) gs6o

g,l(a - bk) ergcloo6.

a-bk=s S;bS glb,glc ergdfro6.

e l er ...........(r)

(b,c;=Br +gr lb, gr lc

=r gr lbk+c (bgo.So 9.4.4.d (3);r:o&)

>grlb, glla

+8lIg"'-'--'-'(2)
(1), (2) o;bo& g=gl

9.4.12 5o.ollc : gbso a"S6$.r Srd) sS efgosu: b,c. o ArSb
(b,r)= bxs +cys .&Sre {fgosot x6, y0 6o.ir.oD.

AS$9 : S={b*+cy/bx+cy>0andx,yeZ} er5o9;bir. b+O dS

erg6o6. b2.+c2.5. S;bS S*0.

6r:8 ls;5. Ccbo5:o 1ps6o, S6t sO6 Jyo5o s 4ooo6.

se S + 3xg,yo eZts= bxg +cyg

crrrlr66 f*A Sos;bsoo0 3q, r eZ t
$=se*r;0<r<s

r * 0 :+ ocr=b-sq= b-(bxo +cvo)q

= b(l - xoq) + c(-ysq) e s

+ reS

qA 56" s s-$ Iuoso er$ o$3 lcbg"t. SibS r = 0 e9od$o6.

b = sg 6p ;iro6 slb

qd ldon" s lc er$ r5l5sd5rg$

X.$.qp. S5S$efXu. Eosr.

c*0 iboE b.b+c.c>0

$$s



o5rto6&ttuo6uar
SdGdaa.SfD

.'. b,c o5> s 65cg& sP?tSsD ....................... (t)

dlb, dlc + dlbxs +cyo

+ d I s ......................... (2)

(1), (2) o lbo8 s=(b,c)=bxg *GY', xs, Y0 e Z o$etro6"

9.413 Corollary: b,c ez, b*0 6e c*0, .g=(9,") erol6

(1) {bx+cy/x, yezl sbo6'S sP$6s 5vo5o g er$c$oa

Q) b, c er 65ogt pasel6" g l{otg er$cfpo6.

(21 dlb,dlc ero>d dlg er$dtroA. d<9 emrd g>0 55rs dsg

d > Q ero>d bgoero 9.4.4dC (5) ;boA d 3 g er$a5ro6.

55c[lc sr6p$ en (3J.$.F.) (Self Assement Question (S.AO.)) : eld:.55 1rygos- a,b,.c o$

(a,(u,c)) = ((a, b),c) ers .:rSsD.

AS Sq,edtc : 55so z,56po dlSj. s& {y'goset b1,..............,bnoS>

I = (b,, " "r bn ) = i. bi*i erdr56c.g U'goseu X1 1 X2" xn el) aoeroD.'i=lAe:

okg, t={,:,0,.y'*,0,,., >0 and xiezro'l=i,",'.n} .5re;b5>'

cr$cb T*$ erSd$o6.

T O"r Sf6 5:lelso g ero>d

g = (q,...........rbn) ergelro6.

g.L16. SAQ: a'bep{y.goso, a*0 61 b*0, g=(a,b) er;b9;b51. ersa$ glmem=ax+by

er$aIt 2d x,Yeu eouoou.

g.Lll. bqcifo: a,b€ z,a+o dcr b*0,m e1m>0 eribg5c5u. erQC$ (ma;mb)=m(qU).

A:55O: dS bo'odo 9.4.13. $oAJO



(ru,mb)= max+mby,6uS6 536,ds Der:S, (x, yez)

= m (an + by 6r:51, SSS 6J lel5 x,y e z)

= m(a,b)

e.418. booetoi (i) dla, dlb, d>0 erold (i,i)=? ergd$o6.

(ii) (a,b)=g erc.r:d [;,1)=t

I

asse: (i) (",0)=(o(;),.(:))=o(;,:)

[9. !) = f (u. u)
\d' d/ d' '

(a b)
(ii) [;, ,J 

= 
]{",u) 

= }', = t

g.4;lg. Sgorlo.: (a,m)=(b,m)=l em5d (ab,m)=l erse$o6.

A55g': R>goelo 9,4,121ps6o 3 xg,yg,xt,yleZ I l=a)(0+my0, l=bxt+myt.

(*o Xuvr ) = (t - mys )(t - 'vr )

=l-myt -myo +m2yoyt

= I -m(yo + yr -myo yr)

-l -my2, 12 =y0 *yt -myoyt

.'.1=abxoyt+myz

...8=(ab,m) * glab, glm

.+ gl(abxsyr +myz)

+ gll



o6tDFS&gofuP
o6tr6datrAd6D

=g=l

"' 
(ab'm)=l '

9.4.20. s65i5so : a b e z, (a,b) = I eroud a, bo5o $*$ $q.s boe5eu ds ss $o"5 boa5e> e,oe';os*'

€+ xro56;od bts a tFctsom AodS eroe.r5r'

bSap+SoirAo6aSupeson.Aooro6sc$.65o50o&3d55>.

g.tLTL. 355ti5c i a.1,a2>....,an en ("t,"i)=1, l<i, j<n,i*j erd>5e$'grr'Aod a1, ?2"""""""'anoib

$356s brt" ESeS 5oo5eu eroe-t5D.

9.4.22. bgodsl : a,b, xeZ en>:d (a,b)=1U,u;=1u,-b)=(a,b+ax)

a55g: (a,b)=d, (a,b+ax)<g eri5c$iirS>'

(b,u) = (u,-b) = d er36 sJ$o

bgo6o 9.4.e.dS (3), (4)ersc A56rEo$ d lg, g ld er$dtu g = d er$dr o"agS'5r$b'

g.4.2g, bgo6o : ea{r55 {ngoseu q beD }1$ tpo'So sJa-SS er5{55 Stnte Co$5co ax+by=l

edSoeg zd x, Y eu 6oe'rol

A55g : a, beD $?l$ fPo';rPd

(a,b) = 1

bgoeSo g.4.72.;bo& a:c+by=1 ed5e*g zd x,yep 6oc'ro>'

S565om a:r+bY=1, X, Yez er5r$$sD.

6=(a,b) + dla, dlb

= dlax+bY

=dlarc+by

= dll

+ d=l

;. (a,b)=t

55rS a,b o }{o[ lPeseu.



9.L24" $gcde : clab, (b,r)=l erold cla ergdfroB.

e55g: bgoclo 9.4.17 ;bo&

(ab,ac)=a(b,c)=s

65 bgo6o 9.4,13. rb 456rfrtr

clab, clac+cla.

9.L25, drl$tg'n$6361306E.9-gEpn$6rcqC: b,cel{rgosrer, c>0 eribgibr>. sprpj66
3ef r0s LEsrod er$59o5 ElsD o- qSoB bbsdea s6g$ o.er6elbr.

b=cq1+11, 0<q <c

C=r1{2*f2r 0512<11

11 =t2Q3*r3r. 0313<12

rj-2= r;-tQ; +r.1,

t-t = rj9j+l

b=C

0<r; <r1-r

ar6$:

orr aln'5ed ts[sc[Jd s$.1 ss$ e$55 cas> 13 ersa b,cer x.].cp. crd)dtJo6.

(b,c;=6*o +cys erdr5cclg x0, y0 orr ? FSo55dener scot r;r,$2,.............,r2r11os)

cfo8o'56o o5e o?rg5t5rJ;t .

rl>[2>..... >0 $bS r3+1=0 ed:5a*gn:lDt$1545 j AoaDo6.

tilt-r + rSlArl; +rj=tp2

tilhz, r;lr;r + rSlr;z 9;a +r;r = r;+

€r Sdon Sng eod

,ilri,' t1r1.2," " rjl rl, r;lc, r;l U

:l



66o656*t6o6rx>
o6tr5 6c.tA66D

;. r1 lc, r; I b --.-........................(1)

dl b, dl c =d | (u-"qr) +d | 4

dlc, d I 11 + d I c - rtqz + d I 12

d l 11, d I 12 + d l(tr -tzql) =+ d l 13

€.0 35otP Sng aod

dl 11, d I 12,........,.......,d I rj er$ 5{9o6.

dlrj ...... ........... (2)

(1), (2)er $o&

rj =(b,c)

'g.L2G. 
SAQ: bgo6o9,4,25.Otf argeD6c.lOocbSbS6eeo;boa (b,c)=(rl,r2) erSr:r$5>'

g.4.tl. aoi!.6ta: cfu$6ao1"&;ssarnoo d=(1769,2378);b$bfs (t169,2378, =1769x+2378Y

erdrj x,/oib $bff;b5D.

c,=1769)'2378=b(l =9r
t769

rr =6oe 
I ll:: l,=,,
rz=55' 

l::?l'="

u =,, 1;;l n=0.

14= ,r 
l lll '=0,'

rj=



d =(1769,2378)=29

2378=t xt7 69 +609(b = cq1 + 11 )

1769=2x6A9 +551, (c=[Q2 +12)

609 = l x 551 + 58, (r1 =r2q3 + 13 )

551-9x 58+29,(r2=r3qa+ra) r

58=2x29,(ry = r+gs)

d=29=r!=rz-\gq =12 -(rt -.2q)C+

= 12 -\e4+ rzglg+ = rz (l +qlqt)-rlg4 =(r-nqzXt+gtqa)-rrqt

= c(l + qlq+ ) - qq2 (l + q:q+) - rrq+

= c(l +q3qa)-l (qz + gzgrgr +Q+)

= c(t + qlq+) -(U- cql Xqz +9zgr9+ +ec)

= c(l + Q:Q+ + Qrgz + QrgzQsQ+ + qra+) -b(qz + 9zg:gc + 9+)

29 =c(l + I x9 + I x2+lx9+ lx 2x I x9)-b (z+g +2xlx9)

= 39c - 29b =(gqxt zog) + Gzg)(zgt g,)

9.4.28. C55$Fo : er{.r55 {pgoseD a,b er$

(i) alm,blm , (ii)alk,blk+mlk

ed:5e.rgn- s5s!oxo&5 Sgs os {rgosxr mii: a,bo sQ$ }sr5 beta;i:o (s.}.r$.)

eroar'Ir. 6OS [a,b]ef nrOqS.

s.4.2s. acPs.sa , [s, to] = 10, [16, 20J= 39

9.4.30 CnO, Boc$ 56rb bSa boo5o S.$.ril. ;re3 egI:O t5lbo&.

li$ss : (i) [a,b] =[-a,b]=[a,-b] =[-a,-b]
(iD a*0, b *0eZ eroud alc, blc+[a,b]lc.

(iii) a *0,b *0 erqud [a,b]lab



osge$Ffugttod)rpt
o6n5.6o68d5D

9.4.-31 bgcos: 8,be> 65 {ngosgd [a,b](a,b)=ab er$eico6'

45$g: (a,b)=d es;bsibsD'

3r, se Z >"a=dr, b=ds.

ab.=T elib$iSr5t.

ab ads ab drb '
t" =;=?=8sl m =?=t=to

=alm,blm

alc,blc +3A,BeZ: c=Aa, c=bB

(u,b) =d=l x,Y eZtd-D(+bY

- 
co 

-"(ax 
+bY) 

=9;19y= Bx +Ay
ababba-

c
.'. ; &s {rgosxr>

.'.mIc

ab ab
.'.m=[u,bl= 

d 
=(u,b)

ssos [a,b](a,b)=ab

cc
-=-mab

d



9.4.32 Aclc$Uca : a=2210,b=493 eroDd (u,b), [a,bJoS s5,^.$sD.

a:Ptl) :

4e3122t0 l4
t972

,rrlo"l,
| 4761

.'. (a,b) = 17

[", r] = ls' 
Dto-rl4gt= 

64oeo

9.4"33 AS Sqoit5rr : 0:c a, 0 * b, a,b e Z empd

[a,b](a,b) =labl

A559, l"l, lbl euOstfg.os"o:.

[1"], lul](lul, lul) = lallul= lad

s$ [lul, 161] =[a,b], (lal,luD =(a,b).

sss [a,b](a,b)=la,bl

FPS SopS* t-

c65s5o: p {rgossr. p>l.eror lcd<p e65o$naoeFo{tHoSsD d, pSspno6sro6
p rb GteS SopS do GscrFoso Grocto. a {rgossl, a>l cror, & lpcr.ooso srs# arr
bod;E Krop5 eroero

AoS6ecSb 2,9,5,7 QieS Soqgol , 4,6,g,9 bo€fDj boo5or.

1 GieS 5oo5 sc5r. 1 SodDS Soo5 $.d sd0 fiS:CotJot.

9.5

9.5.1.



('5rtcx6 6&FUoelo
6€GdA.r6D

g.a.2. Sqcelc: p1pe5$oo5, a,b€ Z,plab ero>d pla ds plb er$e$o6'

6659. Prfa erib95r5>. er$cb (p,a)=t'

bqoelo g.4.24.EX9o Plb er$d$o6.
o

g.s.g. AS 39o6o i p $<rF so+y L1,e.2t""'aneZ, pla,arar""""""""'an em>6 556 a"s i3

pla, er$e$o6.

ASSg:bgo6o9.5.2q1s6on=25>dbbgoelog'5'3atb?bdfro6'

n Sod 65:65 5oa5 Xo s6eeoso "€Q 
p st"no$$Odg 65 bgoeSo 3g35$$s!otJ!5r:'

plalar""an + plac, &=o1r c=a2"";:!n

:t pla 6c Plc

+ pla, 6e Plarar...........an

= pla, do 2<i3rt,pfa, erd16ra"g i 6oc:ro6'

9.S.4 65 Sgodc : p,gt,-..igr (Fol.rosreD, plqrqZ"'qt ero>d 564 a'5 i,l<i<k5r p=q'

er$d;o6.

A55g: 65bgoe5o 9.5.3. lps6o plqrqz""QperoDd plqr erdsarqoS qi eocr)oA'

p > l, gi peooso. 55oS p=q,

9.S.S. Sgcdc: (ercS t{t|rt;:tQ, bgcdc 6S 9og l{c3.t e6355 bq'e"c 6S 5gS sdeoctgUca Sqoelc)

1 sod J$6.5 eroDs tpS {y"gosli:o aib pes roo5er o3olro tgnOS:5t5r.1S0. s6teosoSo

q* FsrQ r)Or(e?5d$g &rr$$o6 a ofb ox! s6efogSUea 5gSS.

665q: At3 Existence)

5={*l/a eZ,a $e5 x>oa5o erSo sc5r }

S=0

S*0

eml6 bgoeSo aurar5ou56.

eribg$ib. KDQLs$ Sd5r$o Qs6o S d SO6 58oSo m

quo m pO"S SoOp sa5r. 55rs
(

)

6oe.pp6.

S={*/a eZ,a FcIS Soo5o erSo scl>



m=mlm2, l<trI1 <il,1(m2<m 
"6j*e 26. Er,m2eD6oeroD.

56" m SSS 5yo5o 55rS

m, €S; (n, GS

.'.IIl1, rl2oib (!SFJ Son5o oBorr ($Fd6r5.|:SrJ.

5[rS m=mroz$ $eS Sop5e oBorp tgl.O5:Jtfpib.

tr6 m6g$ 3tb$el.

*ir5 S=/

$gro : a=pr P2'r"'Ps =qlq2'1"'gt ,p1, p2r...............rpr, er, gz, .,g,s rpcl..Fos-eD
g5r9$5p.

$ = t eribSrod

pt = gt gZ ....gt :+ t = I pt = gt ergd$o6.

pt pZ ....pr = ql q2 .....er eror:6 1 = t G9oD [Sg p, c,S

prp2....................prpr+r = 9r9r...........,q, er;bgoOsl,

P,*, I PrPr............Pr*r I Pr*r lgrgr.........gt

S5rSbda"5 j$ p,*r =g;

.i Pr Pz "' Pr = 9t "'9i-r g;+r ....9t

o);to1 1=r-tQeor)

F0 pi,, I <i < r 5ct e,S e1, k * js rs5$gdbo6.

$bS r+l=f eraD

lF8 pi, I < i S r+l 5d &S gi, I S j < r + I $ bxrro erdld$o6.

qJ$ $5t5:bib9oeo............... (1)

$bS Xelc;btfib5 Slt6o Eis6o Sgo6o erDarSoDF6.



SF$ge.6PeP
66dttlddtfD

9.5.5.

as5$:

3gc65r: (o$gB : $o'5 boe5o 5$8 a'5 erSoc5 5$8'

lpe;roser X)$AP P eri$95051'

2 e"5 fpes bon5 55oS ZeP.

P1, P2, "', Pn € P er5o$ibSr'

n =l +pt pZ'..'Pr € P er$o9ib5>. el$ei)

tp8 l<i<r$ Pi S n;barhor5n5S3&o1

$bSGtS i$ P'f n.

qos(p8 13 n*Pr

n |;ieilos5ro>d n # pi, I (i 3 r, n € P"""""""""""""""'(1)

n lpcriroSSl sSSd n$ (peoo5qlaso q eooDo6'

qos" q * p,, t <i S r, q€ P...........'............... (2)

(1), (2)o ;bo& p er56lce55:S X5:So55t$.1xb'

g.5.7. t{SraE : n>l erdr5 fp8 {rygoso nso n= Plal pzo2""'ptot P,,P2,"""""""""""'Pts

lpe;roser:,pr ( pz < ....!.............., ( P* or1," "'rcr1o: '55 $'g;osolt" 53Som tgrc$st$;sr'

n 6>56. ou $1e5ea;b n 6>56. esre3s oloo ds tpo;ros 516 s6erotsUea er$

C,oerSD.

IGbSE : a= plot .....pnon, b=ptpl pep2 """'pnpn

Pr,.................,Pns lperosor r, = 5s$ {ot' F,l

l<i<n ero>d

., n Y.
(u,b) =fIpi' r erdl.5co6.

j=l -

9.5.8.



9.6.

9.6.1.

ssr€{sdep :-

06555o:- mxugs5cu5o6dsU"goso,{pEosor a,bersr mla-b ero>d 6 srbom, [tb
a bibftSoerocrs''. srsocs6;o6'a-b (5r5o m)ds a=b (mod m) ectpilrr. a=b
(.od m) ssJd a/U (moa m)cli tgesD.

l{5rls : ml(a-b)<+-ml(a-b)

5e )6;{:oetrsd;s d{ {pgoso m J:{ron'xo bso€trscto;s s:1or$,:o;gs.

?.6.2. Socrlo i a*U (rnoa m) s5aS3 er5dgs sqttr Co$tbo a,boib md spfio.i,r si$J
.r.LDLeDbS:p50,y5ero.,

6559 : a =b(modrn)erib$;b$).

,mlr-b :+SkeZra-p-kn l--- --- (1)
l'

qrirSs6J€lt6 ibot E q,r 1Z*=mq.+r, 0SrSm

bS m.f a*no.:n"S.:$ tlp r egetroti ---*----- (2)

(1) tboA a=b+kmtmq+f +km

=m(q+k)+r,0Sr<m

SrbS p;b m $ ?t no.5fi! StSJ.fio Sr.a r egdtro6.

3$65cfuo I a,berib mef pfro.j.St$JqI" r eirgoe5s.

3qt, qz eZ I a=qlh*r, b=q2m*r.

a-b=mer + r.smq2 -r

=m(q,tdr)
.'. m la-b

a =b (mod m)

9.6.3. a,b,c,d,x,y,m QD {fgpsclt, m>0 e:bgocr.Su. etgci>

(t) a = a(modm) gosg5 66arD)

/
. ,/



- {-

ec65ot6 S&r56o6le>
('61156ecd€66D

Q\ a=b(modrn)=b=a(modm) (+6J6dg5r:)

(3) a= b(modm)+ b=c(modm) - a=c(modm) (5o155r 56g;r:a)

(4) a = b(rnodrn), c = d(modm) +a +c = b+d(modm),ac 
=bd(modm)

- (5) a=b(modm)+a+c:b+c(modm), ac=bc(msdrn)

(6) a=b(modm).+uk =bk(modm)., k>1, keZ

Q) ac = bc(116drn), (".m) = I :e a = b(modm)

(8) ac = bc(modm),cl m =) a = U[moOIl]
\ c/

A53S : (1) a-a=0.m +a =a(modm)

(2') a = b(modm) = m | (a - b).=> ml(-l)(a-b) =+ m | (b-a)= b=a(modm)

. (3) a=b(rnodm), b=c(66dm)+ml(a-b), ml(U-c)

= m | (a - U) + (U -c) + m I (a -c) + a = c(modm)

(4) a: b(modm), c = d(ms4rn)

+ m I (a - b), m | (c-d) + ml (a -b)+(c-d)

=r m I (a + c) - (U + d) =: (a +c) =(: *dXrnodm)

m | (a - b), m | (c-6)+.3k1, k2 eZ

a - b = mk1, c-d = mkz g ! = b+ mklc = d+ mlz

+ ac - (U + mt1)(a + mk2)

= bd + (Ut<, + dk1)m + k1k2m2

:+ ac - bd = tn(bk2 + dk1 + klk2m)

+ m | (ac - bd) =+ ac : bd(6sd6)

(5) a = b(modm) er;b$o&. (1) 5ro& C = C (mod m)

(4) ;bo& ac: bi (mod m) erge$o6, 
' 

.

m la-b = a+c - (b+c)=+ a+c = b+c (mod m)



(6) 6pp ra.nlr,s{#o o5o aruarS dUfu

k -1 e'ood ak =E=b=bl (mod n)

k=rsr a" =b* (mod ru) e;sr5"ocrl5x,

k = r.* I eoanrd a' = b' (mod -), u = b (mod m)

(4) ;t:o& a'a = b'b (urod m) + ak = a'*l = b'*l = bk (mod m)

l\*3o.5oX5J nJ.LeSo qis'6o

ak = bk !ft er{iebo6.

(z> ac=bc (niod rr), c lm

:r mlc(a-b), clm

=t +l (u - t')
L

? a = U I rnooA]
\ cl

9.6.4. Scro#11* : a = b(ln6dln):yncposaeD tbeayzu Xo oinr56 I ero>d f(a)=f(UXimoam).

6559: f (x)=G0 *a1X+o2I2 +....+d,nxo , 016,C1,...,..,.."........,on eZ' eribg5r5D. ao (mod m)

erdi: f;6o.

a = b(niodm):i ai = bi(mo.lm) *t I 3i < n o$

cr;A' = oibi (nodn) erSJ I si s n oXr

ii
=+ F(a) = f,c;oi=f,*bi=f (b)tmod n}

l=0 i-0

e.65. bqooxr : ax =ty(rnbalm) ce * =y[",oC'3-)

a56g : (r,rn) =d sit 9F)5D. €r$cb [i' t)= t



o6tto66$$€$xD
6r!66crr€66D

ax = ay(modm) <+ m l(* - ay) <+ a,5 q e Z5> ax- ay = mq

a, . m
e5-fY-wl=-n
-d\.. r, dt

*f|}(,.-y)eflr,.-'t

q) x = "{.-oall)-\ d)

<+ x = Y['"oJ-]\ \a'mJ /

9.6.6. SAQ : ax = ay(f1s66), (a,nrp..l en>d x = i(modm)ergdbo6.

9.6.7. bgcrlsl: rn1: rn2e: 5.$.&. m=[m1, m2], a=b (rnod m1)

a =b (mod m2) enud a =b (mod m) erge$o6.

Assg I a:b(mod mr)+ m1 l(a-b)

a = b(mod mz) + m2 l(a-b)

ml la-b, mz la-b:)rn=[.,, *r]la-b

:+a=b(mod m)

9.6.8. SAe: x=y(modmi) t<i<n <+

x = y (modIm1, rn2, ...........,rn"])

e.6.10. 5o€cic : (l) a 5r sOnAq) er;rdn Sqq [aJ 0s ecf $r,3q5]r.

(Z) 6 5:rbon Xo erfel5qeri&8$ Z^8 nprfAID.

[ (;,+)=')

9.6.9. S6555c: m 65 lfgoSpd 6 5r555un" fSc&Sey eri boaro6o, 2?.6ro5 5ooo6$gd$od.
6e ebo5 K>oao6o SerS 56;d e$e1r Sqerib " 1n 5r5o"lp Xer erf,ft Sqeu eroel5r?.



e.5.11. lgcdo,:55 {y.goSo m5r 2^={6,T,.....,;;I}, o(z')=m eroeoD.

A55g z aeZ ersosibltu. arn'iF6 r*l fO SroO

3{,re 4tr=mq+r,0(r<m
a -r = mq :+ m l{a -r) + a = r(modm)

$N=f

".{0, 
i, ............, 'n-i}

f =S, 0 ( r ( m-1, 0 < s S m-l er;b$oo5>.

r>s eribgod o<r-s(h, ffil(t-t) erdll5ro6. qA 3{uS6. SibS r:'s.

erd 3551m s *r

.'.f=S

SibS 6 5r5on erJStr sqo b$S

i.z- ={0, T, 2,....r -t}.

9,7, 5E*:.O s$€{setel }6Fcrl

g.7.L ld5r:55c : arifroS6 f(x)=agxn *alxn-l +....+an dcc56. XceesoJ &0,................,aneI)

U.gosuir$ory5u. u er3 ny"goSo f(u) = 0(modm)e*fl:5a*gp Aod u;b f (x) + 0(modm)

eri ss &S r5:suersg $65 etoetoSD.

9.7.1(t). il5c35 :- f(u)=0Gnodm), v=u(modm)emrd

f(y)=f(u)(modm), f(u)=0 (*od .) o $ot

f(v)=0 (mod m) e$ebod$ ftb3o.55t5r35r.

' g.7.2- 365S5c :- f(x)=agxn *agxn-l +""+an, &gr o1,....... .....'.-,aneZ

aj/ O (mod m) e,d>5ere* ss${rgoSs' j A06 f(x)=o(msdm) er$ 6$ trs r5>s5€eo

6rsb Sro"Q soJPstQ n- jts $SSilsD. j 6rst, erQ sorso$ ai =0 (mod m) erc>6

i 1*1 = 0 (mod m) a>s6 sFeQ sgoo,5o.

i



e.7.2(J) fi$15:-

(D f(x)=0(modii) s$ lfs sSrs6ao aDqr Sreto a5u56*f(x) 6D% Iro.sg srrro
sss66 dc$.

(iD b;b *rs r5:sgeao d>s1,. $16o, er b$ils sbs6er"sg soooGtp5 $bo p erecfscbcrroB.

8(x)=6x3 +3x2 *l,ero,ud g(il=0(mod5)a>s1, sr-elo 3, g(x)=0(mod2) arsb
5x5o 2 er$co>. e$!re56 S(x) a*6. ilr.rlo 3.

9.2.s. 365i55c :- 5s5r6 bsoefs sbso€'.q 6$6, sIrfiS pbsueeo eroerl>.

lf5r35:- ax+b=O (mod m), a/O(mod m) e*6

a:r+b-b=0-b(mod m),

ac = -b ('''o6 *)

SSrS 55 $:rd $$f,lS f5>EOteo a>S1, bO.dea
&rsssrs;r:.

9.7.L, Sgodfc:- ax=b(modm),St xO &S $6t x1 -xO(modm)

ercDd oc=b(msdm) $ x1 5l'6aS)65cr$dbo6.

6s5$ :- X0 = Xr (*od m) + ocs - ax1 (mod m) o)b = b (mod m) rsftse" booo6o

5oL$b iloaodo $tJS axt = b(mod m) egc$oA.

9.7.5. 965SSe :- ax=b(6odm) Sr xs,x2 cD J6ieroD, x1/xr1.o6m)eoDd or=b(4e66)Sr
X1r X2o) eri>5:fis $6ScD eroAl5p.

ar=b(modm)&% $6so ea!:

9.7.6. Sgodc :- ax=b(.modm)$ $6J 6o6cr$S

s56o.'

a63g:- (J) ax:b(modm) $ xs $dFgfrgocr5p.'

drSo u: b(mod.), 
",/o(rodm)n

(

ee5s55 sqB Scirtbo .bsr.d=(a,-) qlaso

€e bo56;o6t ar = b5r OO;6on d crb$ttrS $6scpoeror:.



ixo =b(modm) +JYgeZ ) axo:b=Yom

:D(o *m(-yo) = b+dlb

3565d$ott d lb er;b$ibSl)

(u,-) = d = 3k,/ e Z r ak+ml = d

d lb 55rS a,S d' eZ$ b- 66i er$etuo6.

b = dd' = (ak + m/)d'= a(kd') + m(/d').

/ r\ .

+a(kd )-b = m/d

= u(r.a')= b(mod m)

$bs an = b (mod *)s kd' z,S $65 erdlif:o6.

(a) q$cb a:r=b(modm)e xo bdr elelld xsrXs*f,"':""" x0+(d-f)fr t3r

ax = b(mqdm)---.......... (1) lll e55r t15 i'6Se* rlr$or5u :

axg = b(msd m) + m | (*o . b) ? ax6 - b = rr{. 4,5 q e Z+ ax1= b + mg ---- (2)

k lngoss 0<k<d-1 emud

/ m.\ a, ,.--- 8r--
"[*o 

.;nJ= axo +ih = b * ms *;* ... (2) ;bo&

=u*.(,o*1r.)Ud)
/\

. u(.*o . n+J: b(mod m)

s$s X6;xs *?, *o *t+,..................i...eX0 +(a-r)f eu

o<=b (mod m)s $dso$eo>.



t<4qo66u-

cb)

0< k < l <d, xs+r{ = ro+I?ttnod n) qpiroat

-A H = 
Ilz (mod rm) ergdro6.dd\/

6p ;i:oe k=/(mod m), O <k <I <d Wd$o&.

sxcs d l/-k. qa r6f;ey

m ^m.'. Xo, *o *t, x6+ z;,

ax = b (mod m) ars1, d el.i{rf&g }SJar.

ax=b(modm)$ Yoi.Cs 
,

er6cb aX6 = b (rnod m)

ayo=b(nrdn)

3axo = ayo(mod m)

=+ m la (xo -yn)

trl.4 ,
=+ ;li(xo - yo)

=+t(*o-yu),

:+ 3t eZ>yo=xo+t+
6

?.1"n'Xr56 3€n, $0 iboe,

t=Qd+r,0<r<d erge.{:' 2dl€ q,reu dod&or.

m
Y0 =XO +t=,o

...(rn,a).= ,o[],])=,



= xo +(qd+t)t=*o *.c*1f

+ yo = Xo rrf (moa *), ocr<d

sibs X0, *o *T, ........,x0 +(d-f)f"o6 a,s os3 ye $$€tso ergdo6.

g.,7,g. As bcpo.Ic :- (u,rn) = l,eror:6 rs dAS.y ax = b(modm)s: 5Es )ds 6ocoo6.

g.7.g. filbJS:- (u,rn)=d, d f benud ax=b(6sdm) $ )ds eoAO.

g.7.1i}. td555o :- m dJ d;"goSSr, S={x1,............,".}SZ er5cgocr$:. [5e yeZ1c

y=4 (mod m) erdSe*g Sd a"€ e,5 xi aod S;i> a,5 m 5155 bo{y"$ ersf,l66el eroo"5>.

9.7.10(J) Soodo :- S={x1,x2,.............,x.}' a,5 m 5155 rodfs ersdl sdeS <+ i*jo5r

xi / x: (mod m).

455$:- S a,5 m SrbS fo{r'$ erf,ft s6el eribgoell. ir; :x1 (mod m) Sxos $$.55o ;bo& j * i

erord xi / x:(mod m) er;i:$oe:>. er1:fo 5663 5::poso;b m.f arn! s$l fi5>e:

b3ga$ 1 er;b$od, orv tlSlerQl rOspeu s;ss, T={0,1,2,..................,m-1} er$e$o6.

$$[sss, qJoxo d$o6' xi = i(mod -), 0 Si < m er;b955r:$.1;b.

y eZ *w#6 3*a tO ;bo6, 1q,ieZ

ty=mq+i,0si<m

.'. y =i (mod m)

i = x1(mod -) + y=xi (mod m)

.'.{xrr ..............,x','}e,s m 5155 so{r$ ers$lrUeS.

g.7.tL. AcriJ.deer . *y" qSoB b$ €n56o;b $6og5r.

0 l35x+6(modl0) (iD 84x=16(moOlS) (iiD 66x=8(6ed7E) (iv) l2x=7(qlsdll)



nrsn: d=(u,-) er;bgod

a;( = b$ $65 4oe,uo6. 
_ 
<+d lb erS tb5$ 6euKu.

(l a = l'35, b=6, m=10

d=(u,*)=(fiS, l0)=5 f b=6

l35x = 6(mod l0)s $6sdc$.

(iD a=84,b=16,m=35

,d -(u, *) =(84, 35)= 7 + b=16

.'. 84x=16(mod 35)s $6F 6c$.

(iiD a=66,b=8,m=78

6 =(a,m) =1e1,lt)=6t g

:. 12x.:7(mod2l) $ $6s do.

(iv) a=12, b=7,m=2I

d=(a, m)=3 f b=7

.'.12x=7(mod 2l)s $dr dc$.

9.7.12-' Aoi!6tael : $Oog;tu

(D 3x+2 = 0(mod7)

(iD ?x+l:O(mod7)

(ilil 3x = l(pe6125)

rl.ljrer : (D'tr a = 3, b = -2,m- 7, d=(3, 7\=1, dlt-Z

.'. 3x+2 = 0 (mod 7)s Sgs er$bets b6s 6oeDo6.

3x=-2{mod 7)



(iD

0=14(mod 7)

+ 3>r = 12 (mod 7)

ex=4(mod 7),'.'(3, 7\ =t

4 = 4i(mod 7) er3 505$ 6er5:.

$bS $x +2=0(mod QS SgS erb;b?AS 3.65 4 erdli$o6.

a =2,b = -1, m=7,d = (a,m)= (2,17 =7

:.2x+l =0 (mod 7)s 53s 4 65r €bs $55 6oero6.

2x=-l (mod 7)

0=7 (mod 7)+ 2x:-6(mod 7)

e x=3(mod 7),'.'(37)=l

3=3(mod 7) ers 5:5$ 6eD$.

s;bs 2x#l =0 (mod 7)s sps erb5ofiS $6s er$i$o6.

A=3, b= l, m =125

d =(a, m) = (3, 125) = 1

.'. 3x =l(mod 125)s Sgs errs€lS $6s aoeuoa.

0 = 125 (mod l2s)

3x=l (mod 125)

.'. 3x = 126 (mod 125), (3,125)=l

.'. x: a2 (mod 125)

(iiD



e$6o66$Srcea6ueu
€6tr56€rt€6SD

$bS 3x: I (mod 125)s Sgs errs*rs $6J 4 ergc!:o6.

9.7.13. SAQ : $OoOs>. (D 4x =5(mod6)

(ii) 3x = 5(mod 7)

-9.7.14. 
6cpiJodcaep : (3oA S$dXrSeSoib $0og$.

(D 259x:5(modl l)

(iD 342x:5(modl3)

apgrr : (D 259=6 (mod l1)

259x:6x (mod 11)

.'. 6x:5 mod(l l), d=(6, l l)=1

:.259x =S(mod I l) bps er$r:fiS $ds eoelo6.

6x=5(modll)

0 = 55 (mod 1l)

"' 
6x = 60(mod 't t)' (O't t) =

.'.x=10(modll)

:.259x = 5 SEs err$*aS $6s ru erd;d!co6.

(ii) 3,42x:5 (mod t3)

342:-4 (mod 13)

342x : ax(mod l3)

4x = 5 (mod tr), (+,t3)=t

0 = 39 (rnod t3)



.'.4x = aa(mod 13), (413)=1

:rx=Yl (mod f 3)

342x =5(mod 13)s 5gS essilas 
'6s.u 

e$e$o6.

9.7.15. 6oits6raer :- )6oOIn

(D 1lv=10 (mod 28)' (ii) l6x = 25(mod le)

iDdt :- (i) a = 13, b = 10, m=2E

6=(13,28)=1

i

$bs l3x=10 (mod 28)s 5ps os$trs i55 6ocoo6'

l3x 
= 

l0 (mod 28).......-.............(l)

Q = 224(-od 2E)...................(2)

f)*(zt r3x=234(.od 2E),(r3,2E) = I

'. x = lS (nod 2E)

.'. l3x = 10 (mod 23)s.lE 5SF cls$tls 
'65

(ii) eru5b5un56erera56. (arqnl - x=lll

9.7A6. Ao:F6ra: #6o$5>

(0 l5x = 6 (nod 2l) (ii) 222x - 12 (mod lE)

(iii) l5x=25(mod 35)

i.6r : (i) a=15, b=6, m=2f d=(a, m)=(15,21)=llb=6

$$s 15x = 6 (nod 21)s 3 efi5r:lls }{sorocrotl

15x = 6(mod 21)



cSrloorf&*n6ucu
q,ibs6r drndD

3x5xx =3x2(mod 3x7)

+5x 
= 

2(mod 7)

I

5x=l(mod7)

0 - 28 (mod 7)

) 5x=30(mod 7), (5,7)=1

=) x =6 (moa Z)

xo!6, t=?=,
-mX0 =6, Xl =X0 +f, = 13, x1 = xO *29= 20

(i) l5x : 6 (rnod 2l)s erb$tts $drer.

(ii) a= 222,b=12, m=18

d = (a, m)=(ZZZ,lg)=6lb=lr, t =,

*irs 222x=12 (mod l8)s 6 els$fiS $dtreDocpqD.

222x:12 (mod 18)

222 =6 (mod l8)

222x = 6x (mod 18)

6x =r2 (mod l8)

bgoe5o 9.63.d (8) rboa

x=2mod(3)



J xo = ) q$;5 x)$eAse'$ a"s $5s.

m-m-m
.xo=2, Xl =X0*?=5, x2=X1 *i= 8, X3 =xz+;=ll,

m a^ -- . m 1.,X4=X3*;=I4: X5=X4+-=I/ 
,

gsrs 2, 5, 8; 11, 14, 17er: 222x=I2(mod l8)s er5;5: fiS 3"65eD'

(iii) a=15, b=25,m=35, 6=(a,b)=(tS,lS)=5' dlb

.'. 5gb$&5e5$ 5 erx>Jot65 $65eDo{"Fo))'

l5x = 25 (mod 35)

.'. 3x = 5 (mod 7)

0=7(mod7)

.'.3x =12 (mod 7), (f, Z;=1

sJJs x= 4 (mod 7)

m354
..-=-= t

d5
.'. e$Js x)5ra5,Sc5$ erbso€Xrg $55o:

4, 11, 18, 25,32 erdlerau'

g.7.7l. 35oue€Abgo.fo:- 6511'gos$) rr11, ffi2, """""""""*l*rddp&aod$)*$tpo"ro'

- &t,.....................,are))Qrgoseler;b9odr$*rScSeD x=&i modmi ' l<iSrosraSoS&

)65 6oeoo6. qos" 5 oocl e5o3& )65p;r n'11, h12, ' 
nl' 5ri>ots 15: *rser$eoD'

655$:- 5g x)JrdASeieD

x = ot (mod m1)

x=^z (mod m2)

x = or (mod mr)



o65(,6S$ete6DeD
o6tr6ds6A.'6D

l=*, 
,rrr2t.....,........,ftr . t, =fr, lcjsr eribsibr>.

eroc$ (tr,-r)=l ----- --(2)

bgoeso 9.2.6. ;i:o& Mi x= I (mod -:)$ bgs errs as $6F x; 6oecco6,

X =agx1M1 * a2x2M2+....... + a.x.M, er;bg;b5>.

i * j $ mj lMr + M;=0 (mod *i) .................(3)

X =a1M1x1 + a2M2x2 +......... + arMrX,

= a3M.,x1 (mod -j), I < j < r... ..........(3) ;roa

= ai (moa *i)...................(z) ;i,oa

p$d :- X, Y sr (1)B a$3& $65e:;bs'oosD.

X = Bi (mod m;), y=ai (mod -,), I S i S r

+ x = y (mod mi) *e I <i < 1s;$ bgoelo 9.d.7. ;bog.

.. ,. x = f (mod m) erdlefrob.

9.7.18. aeit.6ea :- x=l(6edl), x=r(6sdJ), x=r(6ed7)g, r s"s a:bg& sc8 6J {rgos
$ds;b ssofffo6.

$$S :- 4l = d2- &3 = l, rill = 3, m2 = 5, m3 = J. tll = rnl m2 m3 = 3 x 5 x 7 = 105

M1 = m2tn3 = lJ , MZ=21, M: =15

j=1,2,3e>s M;x =l (mod *.i)* bgs $Oseu xleu 6oc.loD.

35x1 =l (mod 3) o xt=2(mod 3)

2lx2 : t (mod 5)<+ x2 = I (mod 5)



l5x3 = 1 (mod 7) e x3 =

xl=2, X2 = l, X3 = ln" &tr0S:ocro'

X = stxtMl + a2x2M2+ a3x3M3

=lx2x35+1xl x 2!+lxl x t5 = 
106

X =106 a"5 65og& $65 .

y +1, y A5:g& $55, 0<y<106 er5':$od ;: y (mod 105

l05lx-y+1051106-Y & 0<106-Ycl05

qa 3cb!5

Y>106

i
tel

69 SSDefSqloS), 1 sC, 650g,1 SSE 65 {fgos i"55 106 er$e5co6'

9.8.

9"8.1.

eroDeS $0c$) -fcF& bgco'e}) :

.-i
365$5o t- Z^2e.o5 =;;b, Vd, b. 4r., o s$so5ar&s SOtgoSr @50 ers&' Scrb K>oSoso

dS m 5r5on boSoSo eroersD. m S:niloir Xer SoSeraQ *-d SIOAID'

g.g.2. f65S5c:- Zme e'Ob=i6, V d,EeZ^ 
'I" 

C$,Xoba&s:)oLgdo O;b ersftrSqo l'uos"6o

6S m Srbott'l'ueav65l eroerS>. m Sriroir Xo l$easeQ 'td K\tsqxD'

9.8.3. l55J5c :- x=y (mod m) ero>d y 5'r 5r5o m cl*.S 1 d':c56' ersdrr'o e'ouJ''s!'

{x1,x2,..........,x.} eri rr:ad gs {y'goso y$ y=x; (mod m) ed:5oeg z"d 4"5 x; aos'

tlr, *r, """"""lxd*"t m 5r5on ro{t"g ersdn b6el e'oejt"5D'

9.g.4. AcplF6u. - (i) m =6, ero,d {0,1,2,3,4,5}; {12,3,4,5,6}' {-6,-5 ''-1'-3'-2'-l} o: rn 5r3orr

roXPS erftA r6mcer$eor.

{0, 5,7,14,16} srr roll'9 erfTa b6cl er$e$o6'

(ii) xs€6, xrei, x281,....,.-...."""",xm-1 'il-i '* 
&r:sod

{ 
xs, x1, x 2, " " " " " " "' x.-l } 5o4t"g erf,&l s6el e'$d$o6'



e$Axo66foosuo
eUF6 6s 6AdAn

9.8.5. bcncqSl5ro :- x=y(rnodnr) erc>d (*,*)=(y,m) erge{:o6.

a55g :- x = y (mod m) =rm l(* - V)

+ &5 qeZ$ x-Y=mq

(x,m)lx, (x,m)lm

=+ (x,m) lr

= (x,m)l(y,m)

erd s6trum (y,rr)l(*,*)

"'(*'t) = (Y'm)

9.8.6. i65i55o :- 11r12r............,fks U'q,osoo, m. dJ {fq,oSXr, k(m er5.:9oo.5r:.

S =trr, 12 e........;..r q. ) er5ogooi$0.

S$ €. 13oB er$eeeu eod 5;ir m 5r5on ro{f$$ea erS*aX:6el eroap5D.

ergeeo- (i) (4,m)=l Vie{L2,..............,k}

(ii) i, j e {1,2,...........,k} i* j * ri/ rj(mod m)

(iii) xe Z, (x,m)=l:iri eSrq:x mod m

9.8.(J).t{5rfi :- bgod5D 9.8.5. 5$S r 5r5on" Xer So{y"$ erSSA s6el ibo6 m$ }*5 peSo s-S

Srxryerib eferf,o5m. s.>nOJ Suoso S$8 m Sr1om a,S So{y"$ $ea erSda 66el el$d!:o6.

eos m 5r5on Xo So{ry$$ea er:ftn,r&arerQodd* Suerser $o+5 e"56. €t boa5;b /(*)ef
X):lSUsD.

g.g.?. erolrlS {- gS$cS5>:- neZ, n2l erord {L2,....,n} n- Sr6onre{5x)o{t"gerS&rsUsl

er$c$o6. $t S O(n) essal(kSn, (t,tt)=I erdrje.rau5oe3{y"goseD k dDq,bo+5ergd$o3.

65 {pgosr"er X:b& p /e,S.g$d$:bge$o6. 6pp eearoS'/ - g$05:o ercer5r.

j.:
I

- -1 -.-..



9.&t. Sgod5u :- (a,m)=I, t1rt2,....,rn or m 5r5op e"5 So$i$ $ec ef*A 56e3 e$$od

dr1 , or2, . . . ., 8rn $16 e,5 foU"S $a ersdf 56el er$€bo6.

A$$g:- (u,r)=l tF& is, (ri,*)=l 5ib5$9o6o g.4.lg.;bo6$8 is: (aq,m)=lerSdfrob.

at =trj(modm) .

+ ri =r;(modm)

=i=j

i * j erord ari / ri (mod m)

art , ar2 ,. . . .arn ep m 5r5oF a,S bo{y"$ $ea pS€a S6el er$c$o6.

9.&9. Sgcd5ll (ereleSSclodfru):- (t,t)=l erud a0(nt) =l(modm)er$d:o6'

A5$$ r m 5:"5on t11t2t""r{r) a,s bo$"$$a elsfu s6ef er$:$oe5l.

bqo6;$o 9.8.8. t!fs65ul 8r1:812,""o146; $6 mo
er$c$o6.

5r15or a,S 5o{y"$lte efif,soe

$bs Gra ri $ {i=q(mod m) eld5ereuo€ &s 5 eoeDo6. qos. i*j erou€

ari/u:(mod m) .

Srbs bgo65D 9.ffi.66 (5);bo&

ertl 7dt2t..............:..., ar/(m) = {rr """"""'?(r) (mod m)

s.u, ul('n) \r2-... -....t6qm) = {rr.........1(.) (tod m)

(rr, -)= I $ss bgog.o g.4.rg., 9.6.5.er sroe aC(') = I (mod m) er$e5oo6'

5gc65u flo& 5qedsll) r p FcPF soo5 c;b9;bsD'

er$cb

(D pta=r aFl=l(modP)

(iD Gte{rgosO a$, aP=a(mod p) er$e$o6'



455!:- (D p{a+ (u,p)=1

bqo6o 9.E.9. $ot 
"{(n) =l(modp)

455$ r p=2 dS 3 eroud

p ) 5 er;b$;bsD.

g={1,2,3,....,p_U

VaeS, (u,p)=l

P pes son5 156o S"r /(p)=p-l

aP-l=l(rirod p)

(iD ?rgo.Yo 9.63.6'P (5) 5os

ap =ap-l .a 
= l.a =a(modp)

?ogoosr 9.7.6. ;bo& or = l(modp)S sgs erb$dlS ]6s a'(l<a'<p-l) 6oeuo6.

aa'=l(modp)

a'=a <+ aa=l(modp)

<+ aa= l(rnod p) <+ a2 = I (modp)

o pl(u2 -r)

e pla+l 6s pla-l

c+a+l=0 65 a-l=0
,a-l=0 65 p=a+l

c)e =l 65 a=p-l

... SibS a€S, a*l SrOaJ:r a*p-l,em>d a'*a er$dfro6.

e.8.11. Sgodsr (ter"f 59o65:l). : p Fe5 Foo5 ero>d lp-.t =-t(modp).

l-p--l=-l (mod p) er56 soerdon $goo55i!r;ib.

erib$ibll. er$Cl)

er$dfco6.



aeS,a +l,a*p-l erord 3a'eStaa':1(modP) and a*a'

qeu5oeS sSo&SetosQoes$ be3o.5rF 2'3' 4""' (p -2') =l(modp) er$6ro6.

+ 2.3. a....(p -z)(p - t) = (p - l)(mod p)

= lp -t = (p - \(modp) = -l(modp)

= lp-l = -l(modp)

ro35 SOofr =+e3 bgoero ;b56rf,oo 12 =-l(modp) edr5erqod pcrs Soo5err per5:

Sg0or55.b$b.

g.g,Lt. bqocl&:- p FaeS bo+g erSos:SDsD. x2==-l(m,,Op)S $65 Aoi5o.rCS e*5{55e5 5*54

sc[osoo p=2 do p=l(mod a).

653$ :- p = 2, erol6 x2 : -l(moOp) $ 1 e"S $65.

p db po"s x>oo5 erord, 3er3S bgo'5o ;i:o&

(, r., i +)(+ .(p-j)...(p-zXp-'l)=-r(modp)

E ir;o€6se5 dp XXr $O p6r ergo,d auc,S arXodn j;b oo,55 ePxodp (p- j)oF

p=l(mod4) eror:6 +l(p-r)=rl+=P:l ro roe5



o66er1 5$$rea6lat
odtr() dee 6€ddD

Eo%a66D-

f+) + fp-r)4
erodo (1) ;i:o& 

t 
fr'.i(o-.i) = fr (-i)2 = t-rl\t/ fi fj=l j=l Fl

=-l (mod p) ..-.*-.....- (1);irod

d
.. 

"2 = - l (mod p)s fi.i a,s b6F erdyel:o6.
j=l

q$cb p *z,p/tmod p eroud x2 =-'l (mod p)s $6J dc$ crS .:rgoo.

4 rl)"Xrorr. {0,t,2,3} &S X)o{tgierf,d$,$68t $bS

p+2,p/l (mod  ) erqud p:3(mod a) ergc$o6.

15 
q u Z$ p-3 = 4q ergd$o6.

= 
P-l =2s+l

2

P-l
=T z"s db bon5

ses Qr-%o5o xs S *3 =- t (mod p) eribgooll

. . p-t p_l
*E-t =(;rE), = (-r)? =-r(mod p)--- -(s)

p t xo eria r;gru

-+e6R:go6o ii:o& *8-t = l(mod p)----- ---(4't

(3), (4) e ;bo& l = -l (.od p)

> 2= 0 (rnod p)

+Plz =+ P=2 qB P*2 $Scltg6

SibS orr bo56;od x2 = -l (mod p)S b6s dcb.



9.&13. Aotidea :- ll!= -l(mod437) er$ fir$Ir.

A569 :- 3er"15 bgocSSD Gss65rl

123-l = -l(mod23)

= 22 x 2l x 20 xl9 x[-! = -l (mod 23)

+ (-tX-z) (-gx-+)llg = -l (mod 23)

+24x[-0 = -l(mod23)

= I x ll !=- I (mod]]).......................... (1)

437 =19x23

ro35 r:goero ibo6 ltq - t = -l(modl9)

+ [! t - -l (modl9) ------ (2)

(1), (2)e ;boe llt = -t(mod[lg,z:l)

= [_9.=- l(mod437)

g.g. ercDcS- F$d5r5), 0 (nl :-

5o sepXod pbdro bgoeQ 456rfio0 S$S5o 9.8.7.d S$SoO5, eroioS- G53rd$5D

6lSt, e,5 5r:Og 6.AQ eardelr;$o.

9.9.1. beoelS> :- m,neD }j$ pcr;rg5 65 {ngosgd $(mn)=0(m) $(n) er$d!:o6.

t$S$:- 0(m)=j , 11- 5r5or 11,r2r...ir.i e,S$ea So{fSerf€n,so{fger;ftAXr6ei er$Sii::{:o.

O(n) = k, tr' xv::op s1,s2,............,s1 &5 $ea ro{ryi erf$A (16el er;5o$;bsD.

q6c$ itgoso x erSB mn xr5oir fier $o ro{f$ erSd[ rUe36" 6o6a-S3 e#d55 Sqtl $dr$o

56a 2"5 h,i osr x : 11, (mod rn), x = si (mod n) s56o ers rIrgo.

mn - Srborn Xer $ea ro{fS erx;S5, b6Eld x 6o8 erSo$iirSr. erscb (x, mn)= I er$d$o6.

(*,t) =d + dlx, dlm.=+ dlx, dlmn

+ d l(x, mn)=1

:+d=1



euto6Sb66.aElxD
o6tr6€Grt665D

"' 
(x, m) =1

er6 t6oir (x, m) = 1 er$c$o6.

55;5,a,5 h $ rtr:x(modm)

(", n) = I sibg, ?,s i $ s; = x(mod n)

3565rJ$on x = $ (mod m), x=si (mod n) er;b$bsu.

er$c$ (*, t) = (x,rh ) = l, (*: n) = (x, si) = I

(*,t) = (x, n)=l + (*, mn) = 1

5ib5 mn 5r5oir Xer a,5 $o-So{n$ er;f&tr 56eld 6od$o6.

sibs S = {x/x =q (mod ryr),,iEri(mod n), l<h <j, l<i<k}

er66 mn - 5r5oir Xer e,5 $". solfg erf,*A, b6el erdleboB.

p5ofuo €A bgoefo ;bo& q58 d>X3o €.(h, D s1n Jrborn ad a,S x;b SgoqoA. $bS

S 6"P ;luoyo ron5 -i, k erg6o6.

.'.0 ('n) = jk= 0(')0(n)

g,s.z. bgc65:: :- P $es So+5 erord E S 55 lfgoSXu nS $(p")=pn -pn-l -pn(,-j)

A56Q:- 0(p") epia t s x <pn,(x,pn)= l erdr5oc.gn aod 6s {rgos"u xo boe5.

alpn <+alp

(",pn )= I <+ (*,P) = I

.'. (*,p^)*le(*,P)*l

5i5rS pn $ $AS tpeso sS 65 {y.goso btr8 p 6rSb luelzr.o b$8

s = {R,2n,. ,(p-l)p, pR, (R+ l)p, ...............,(on-' -r)o}



SdP s:rers-er 6o+5 pn-t - t

"' 
l< x<bn, (*,0")=1 qr&g {ngoseu xer boog = l(*)

= (on -,)- (0"-' - l) = o" pn-r =t" (t - i)

9.9.3. beoe,Ilir :- p erSA tpo";ros$; $O4gof;t 9oo5l. n > l, eropd

er$e5co6.

e55$:- n$@SretsS[e5ea

n =p,ot pro' ..."pr*' , pt,............,..-,pr eD lpeiPos"er: erib95o5>.

(or"', p3*1oj*t p3*2oj*z "'"or"'') = 1

bgoe5o e.e.l. i5co& /(n) =f(nfl') O(v?) . O(nf')

= fr o(oi') t'l
j=l

bq'oe'o e.e.2. 5oo& 
'(oit)= 

oi' 
[t ;)o \ - ./ \ yJ)

... 0(n)=0,o, [, -+] pr'r(t-+l ....p.o, [t-])I Prl'- \ Pzl '\ 
',)

=o,o,pro,...-..0,"'[, i)[t ;) [t *)

= " n[,-ljpln\ P )

( r\
o(n)="ill'-;J



9.9.* bqlrde :- n > l,$ E0(d)'=,t .

65$$:- n = l, Rrcroe5Sl X:p$*o.

tr )1, 5={12,.....n} er$f;bIl.

Spboa:odo - 5r

S eria - $g6od soa.r! dtue)$ Sqo 53:gv5o i1, i2,...,..,.........:...., ig er$t rorrE .' Sgoo$

36]15 c$e5 Sqer (a1, n)=di ercrei

n=Ilu,l= 
=!, 

,[;)
qos dln erold l<d-<n.

SFrS z"€ &5 i $ de [, Cgd:o6.

, 
" = r*[:). dln \t

a-b<>(a,n)=(b,n) V a,beS mSSOA

- a,5 d$er5 XloaoS$$,,-Yuo3.

a dr:56. dbo5 5{o fr o"5:S'$, (u, n) = d er;b$od

i=[t eS/a-h]

= {b r= s/t _-< b < n, (b,n) 
= 

(a,n) = 6}

beS,ls.!<n,(u,n)=6

€ be s,l=:=;, (:,;)=t
(rl

$bs r = Iil re s, r sl . ',16. (: , :) = 'l e,;bsod

ag€;S T S$ ii:r-*s'o so+5 55155rl

T 6"3 s:rose $o+5 = ,(;)



5i$p$;rc5o

9.10 .Srtfa 6Eq3c$ :-

9.10.1. i:o€eeD : 336 Xrof5 b$e5:er$ KrrSo.Sa-S3 ou $oB bo€trerib 656rPnUID.

Z: {ngosoqod sSo

Z+ : erQ e#r$5 65 {t"goso Sllo

erQ er${e505: rgS roa5o SOeQ:

Q*:

R: erQ r!5 iro+5er b$8

R+: eQ tr35e56 55 F!5 boa5er S$&

C: erQ ro8$boo5er'i>30&

erQ erS6c8o6r, {13566 65 ;FgJ Soo5o 6$8

s.r0.2 S65$55:r: G er{rsgb$8 GxG ibot G Srtp$drQ Cao6rxAS0tgd$ercer5r.

9.10.3 so€.lo: GE.. er$a ourxAbo(td$ erqud. er36 GxG Ssot Gs tp$oso. (a,b)eGxG5r

.((a,U));ic a. b.f nrs{s:r. boogcs erssvo6;t9cb a. bs abef $6 StsQ5)r.:r. b$.
o6rXA soLgo5o;b 5;{g a,ber "Bstt 

er$ ber}5>. 6t X& SOLgd$$ 5}Ooti qtl6 So€cnoxr

;n&5g6o a,ber erznQ SrOor5c.SB a,b Suoso 5165 et ro€oQ ton g-[So.

e.10.4 165$5o : G e tuXaso(ld$ . er5:9Sr5u.

1. (a.b).c = a.(b.c) V a,b,c eG eru,rd . 336S -Sd6"Q $atgo6 erlemcp5l. - 5: 5S"t565

OStt{A SOLgc[) er$ SPd ercer"5P.

Z. a. b = b. a Va,beG erud. 13516$;Fjdil"Q )a3{go6 er$ ero0r5u. . Fb SS$d$.[tXa

bO[go5o er$ Svd ero6.5l.



s6lrcl66Sr56or5DrD
oUD6 6c! fiASArt

a. b= sS$ {a,b} V a,beG 
'I" 

$SOA G ef$$d$, blr$d5.[rrr{&boLgdo e,grlro6.

9.10.5 AF$6ea : sSx:o6oci: Suoverr fier bb8 G S &b$p a.b=a V a,beGn S$O! r S$ibdoo

sS, 53t565 tuXa bo[gdD er$ebo6.

stl.l SAQ: G=Q erib$S G 3 . Xr a. b=%mS$Oldrfiab6(gc$ s6St5rg5>.

9.10.8 Aoilo6ea i G=e+ eribg$, G e. ib a.b=% nC$O! G e. o5r,{asoLgd$. er8

l0;bd$5D sc$, bS'5655u sCir.

2,4,8eG,

2. 4=%= %t 4 .2=%,=r,2. 4* 4 .2

(2. q) ., =(%). r=(%)f= Xa

2. (4.8) =2. (%)=, . (yr)=2x% =4

(2. q).8*2. (+ . e)

9.10.9 Ao$6ea z G=Z+. G p . 5o a. b=%va,beGm s*oA ce . drx&5otg6 scb.

l,2eG. s-s l .r=%=o.5eG.

9.10.10 SAQ: R ery5 5uo5 p$oUrer b$8S G eribgib5r:. G eSoSoFo ,4'ib, f,geG Sr

(f+gxx)=r(x)+g(x)VxeR n. $s50+g, G ? + sS$d$, srrrr65 d*rx& s6(eq5r ern

Sdr"bo.5JSD

9.10.11 SAQ: X a,5 X>l:&, 1 6>56 nrd b$A G erib$ib$. Ge

(i) +;r A+B = (A-B)U(B-A)VA, BeG

(ii). ;i: A.B=(AnB)VA, BeG m SSOtr *, . Q)) c e3S$c$,5F565 tuXA5or.3crben

srOtu.



sJl}.lz ctullg6813d$ €:rgt,6{s Ogda : G SObrl Sl}8, C 3 . ouuxgSolgo$ ero>d .;ir SSl,-?5e

5go5$fi);ir.

G ={al, a2,.....i41}

x,yeG ero>d 56ae"S i,jersr x=ai, y=aler$c$o6. sSC$. ;3'y erSB ai 511565o$ a;

db56. 6-o8{f 5r5J Su"erSo er$d$o6.

ss5od5ro (t a; ra, = ai'ai Vi'j

. ss)s s$Soo$o c5 5€s Olclte (bes ggo 6J'T$ trdFo,

o1o zt1: a1,a2'" ' .8n.on o5r 5OA5 go FeS S$51 efl X$So6o&l

9.10.13 &cni'tde, : G = {0,1;2,3,4} 13oA S$S r5o C$Oor5a65 dtuXgsotgd$ + 3$$d>5n' b'{r5655>

erSdiro6.

+ 0 I 2 3 4

0 0 I ,2 3 4

i I 2 3 4 0

2 2 3 4 0 I

3 3 4 0 I 2

4 4 0 I 2 3



a a b c d

a a b c ,d

b b a d c

c c d a

d d c b a

9.10.14 AFil'6ca ; Q = {a,b,c,d} 13oA b$S C p a"S 3$5rd$ x>5er565 oStXA;)otgd} ?ii, s$l{goa'

9.10.15 AOcS6ca . 6 ={e,a,b}.

qglrd . 3$5od$5rd)e5co6.

{u . b). b=e" b=b, ". (b. b}=u te=a

.'. (a . b).b * a.(b.b)

erocbd . $5't565o s6r.

9;1,1,. $SpiJoes :-

9.1L1 t-65r155:r : a,5 erd>.56 6SJA C E. d6rrX& SoLgdo . or $oS 3<615ro$ roo$Fo! (C,.) er$

eoAQ a,5'X>5r:pXl"5tr" eloe,lsD

Sdr:trer

(D . K:3",565 dt X&io(tdb
'l

(iD

(iiD

e$

Cd 2,5 il:r"etsirr e, CdS erQ Suels"or a(: e' a=a o e=a edl5e-log Aoe'uo6;

CdppSSuerSo aSr a.b=b.a=e er6>5Qe.g CdXuerSo b 6oaDo6.

(c,) {p ddJso 5uo5}$$ ero{rrl. .sc[o$s$ (iii)d$ b$ asr rdso clocvrl.



9J1.2 ,Sil.c'i bgodb r (C,) a,S si:y$tb;b5"ib5D.

d) eeG r a.e=e.a=a V aeG. er;bSI:S>. €r o$eaorf G6' e SEss.

(iD COGS 66"po 5rloSo e eriir$5rSu. aeG, er5rfib5t. G6' a. b=b. a=e erd5a*gir
6od, 6 Spss.

635$ : (D a, e' =e' .a=a V a e G erd5Oaglr. 'G d e' Ao5;bgoo5>.

e.et=et.e=g

. 5_ 6a

(iD a.b=b.a=o, B.c=c.a=e erlbgod

b = b . s = !.(a.c) =(b.a).c =E.c=c

. b=c

9.4.3 Sc€oep:

(D G a"5 bJ:r$Sr: er$ B335gCo, G aS Ct$otuXg5O1Sc$ ctJr sSur5rr er$ arSQI>. €r
ofux& soLEd$ oJB (a, b) e G x G 6rsb tp8 OoarQ ab Qf sr"OU$. ab & s5n s.o G 63

a,bo etglb$ eroQjFXD.

(iD r5:rxroO"S o>xg boLg6;b +.f nrOoO;rOcC

(a,b) a>s1, ge0oe.nQ a + bef nr"OU$ a + bp

b5:tfp5r) er$ ero0.lS>.

e,

a,

911.4 .C65S5$ : G a,5 b$rS$;bS;bJD. flFdr bgoeSo 9.1L2dS (D 5loa ae=ea=a VaeG '

edSoagod G d$ 5yerSo 5gSS. 6pp fXu.t"o G tuS6 6q5J$ 5yo5o ercrrs>.

9.11.2663 (iD f)o& aeG $ a.b-b.a=e er&jercBF ao€ Cdp 5fo5o 6 SESS$. bi.a
attSlr ldSoID erp a-l eri Bo€efof SrOe511.

9.11.5 So€OS:r : X:o5o5 blrr:tso (C, +) O'
;

(D e5e53$ SuersQ Oef br$Asrr.

(iD aeG d))56 sdsrQ -ad *j.Ogsu.

f)$r€tQ SoSerS b$rtng crocl5n.,

bo soSo5o eroerSD. (C, +);s 5ogo5



9.11.6 ;5oc. - G a55l$S$;ir$ib5D. a,b,c€G er;Jo$Er5u.

(D ab=ac cxrr>.-l; b=c erScbo6. (fCS Ss5.t u5oSS)

(ii) ba = ca ero>d b = c g$6ro6. (Sle S€sqI r'SdfrSD)

A55g : G 6466;5o5uo5o e ertrgod5D.

(D ab = ac =+ a-l (ab) = a-l (ac)

* (u-t, ") 
u = ("-t,u)"

:)eb=ec

+ b=c

(ii) ba = ca + (ba)a-l = (ca)a-l

+ u(aa-')="(*-')

= be=ce

+ b=c

g.lL7 Sq€dt:t$: G e,5 55yS5>, a,beG eroud

(D (u-r1-r =a (iD (*)-t =6-1"-l er$eror'

6559: Cd 6ctJSr s:rersQ e eribgooSl.

(0 (u-r;1u-t)-t =e, u-lu="

+ u-ru = a-r (a-r)-l

JdS.> S€3e5 u5d$5u 1;5s65D a =(u-r)-l

tO (ab) (u-tu-t)=u(uu-t)u-t. = aea-r =aa-r =e=r,b(ab)-r

J65.> S€36;r5d5r5u 1;5sl"65D (ab)-l =b-la-!.



( i) 3e€G r e o a=aV a€G (J6$ eI6J$ IyoSI>)

(iD a€G :+3beG'eb. a =e (alb b J6:b 366510)

a0nd (G,.) a,5 p5rr5"5oge$o6.

6559: aeG eribg$$)

(D;goa e.a--a

(iDsro& 3beG) b.a=e.

(ii)5:o& fb'eG e b'.b=e.

b" e I b'.(b'a) = (b'.b).a =e.a =a

a .e=(b'. t).e = b' .(r.")= b'.e-a

55DS (G,.)d e e5e5"150 5r:oo5o.

eoe aob-(b'.e).b=['.(e.b)=['.b=e SlbS a$ tt i;:sp$o.

(c,) rsrrl"s.

9.11.9 SlgcOU: G a,5 b5)t3psD, a,beG eri$9;ir5r. erigS: ax=b, Ia=b fbsOeeog Gd
bgs $Ofer:ocitooD.

6$5$: G d$ e5 
"po 

5yerSo e eribgoc5>.

"=u-!beG,y=ba-leG,

ax = u(u-lu) = (--t )b = eb = b,

yu =(u"-')u = u(a-ta) = u" = u

X1, X2 e G, ax1 = b, aX2 = b erold 4xl = oX2 JdSJ S"*Ss{ ;r*5d$ib filoft, x1 = xr.

erd 36on" $e S*3ey a5cf,:o ;bo& y1a 
= 

y,za - yr = yz

a-lb 5gs$6s, ya=b sr Uc-lsEs*Os.



o6rtcs 6$atea6DeD
odFb6ca6666D

9.11.10 Soteefs:: ; G a.S erdrS5 SlcS eribs;b5D. G d . a"5 dfuXg;)OLgc$ cibs-;b5D. C dC erql

a,boS> a. x = b, y. a=b s5>56eee$ $55oJod (G..)s$J"fF5r$e5ro6. qos olJ" $65eD

Sgss.

A$59: G*$. Cdz,5i5u.oSo a 6oe.r:o6.

Y.a=a5: $65 4oeoo6. cv$S e er;b$o$ e.a=a eldlelro6.

bec ero.rd a. x=b $ Gerd $OS c4ocoo6.

a.c=b

e . b = e.(a.c).= (e.a).c - a.c = b

$i:5 cil::X6 50[gc$r . 6J*J e Jdlb e56"fi 5re5o erdld$o6.

y . b,= e 5: G d +Ox doc>o6. oSS b' er$$od

b'.b'=e er$d$o6.

SibS G efn 6>*1 5yerSo b5: e 5J*S J65, fdso Aoc:>o6.

l>goestu 9.11.8 5ro6 (C,.) rS:nsb:ge!:o6.

bo"oe!5r: 9.11.9 ;i:o& a.x = b, y'a = b tr5:S6eeo $6SeD 5gSS.

9.11.11 boodl> : G er{r'55 5OlDe5 b$& E 53665 .[rX& 50[gd$ . o)r qSoB Sob5ro5> ]e3!
(c,.) rsr;rrrger.:oa.

ScSIteD:

(D a.b=a.cib=C

(iD b.a=eoflfg=s

6559: G = {a1,a2,.'..an} er5r$ib5l. a,beG erf:95r5>..

d.o,i=a.a; ero.::d (i);t:o6 ai =aj er$d!:o6.

8i.a-a.1 .a eror:d. (ii);bo& ai =aj er$d$o6.

55oS G ={a. a1, a. a2,....,a . un} ={uf . d,d2o 8r. .',8n .a}el$a"oo6.

beG+3ai,a; eG ra. oi =b, o1 . &=b.



$bSerQ a,beG5> a.x=b, Y.a=b f5:S6eto$ Gd$65eulpor:.

3goe5o 9.11.10 $oa (G,.) 55uqs.$Sc$o6.

9.11.12 36555trr: a,5b5uqSiu CArrSl,d>t{g56t3o5:tl5edr-Jq"A}d& GS.S$$d$55r:tp5r
dc rbgco5rryxrs> qrs eroerS>

rbOcssrsyrno G66 ab=ba y a,beG er0 t{$So5o6.

9.11.13 Aolidca : {y.gos.er }cr6ea s5r5o5c +.f Z+ r5u*o sc$. + 5:nr565 3S$c$ drXA

50!gd$er$rlco6. {ylgoseu'x,yoS5 x*y=x erqnd Y=0 er$6ro6. sC yet 5$5 2+$'
+ ry$ eI6;5: 5yo5o dc5:.

9.1L14 Aor3ts6ca: G=Z+U{0}${l'ggso}e6a55rSo5o +"f soXelQ (C,+)de5e5"pr5)Ferso0

erge$o6. l+g=0 erd>5e*o C6' g ri.Srroso 56 eoCar. s$S leGS 16'So 6od6l.

s6s (G, +) rsu*o so.

9.11.15 SAQ: lngoso $e6ea 55r5o5o +.f fSyS.:!C t$.sot.

9.11.16 Aor$6a: e*"by r$

.*rd +

"' b =+ v a, be q+n s$s! (e*, .)msrd) $srri.$g&oa.

A$5$: (D a,be Q+ a,5 55 e*Uelofl foo5

...arbee+

g5os Q+ ! r <tuxg 50\gd6)

/.
(iD (a,b)rc=(+).,=#=;(T)

=i,O*s)=sr!rs

. abba(iiD arb=;=;=b*a

ti$ l.a=f =a V aeQ*s;ss * ilB a..d S cIdJSr 5:roS$ge$o6.



.2
(v) aeQ*, a€(i

a ^*!=u3'=1-.3=gt3a3a

72
SibS a$ * 5;{6 : 16"Soo ergdoo6.

e.11.16(J) ttsecs: K 65 {rgospd e*d * ;b atb=gvu,beQ* n S$o! (Q*,*),s3$di)

v2
55:p5sr$dtuoa. 6$de56"poSvoSo g er$d$o6. a€Q+ AD+fdSro - qrgd$e5.

a

9.l1'l7 AorSt Ua : fgos;"er )qr6tc lbeas6oef Z SIv5"o vc5r. 
r

{fgoso t$eas6o SSJrd$, b3',565 o5c$er;b }€3{906.

leZ, 7a=al = aVaeZ

ZeZ . 2n = 1 ere$cjoteB Zd SyoSo a 56 eoect). $bS Zf ZS> rbeas"6 Sd$o dc$.

R* d * ib a*b=abVa,beR+lrs$,3! (n*,*) JDOdirSr)$rs$Sq$o6.

(i), (ii), (iii), (iv), (v)er $o& (Q*, *) a"s;boit5bsrr$Sr> erl glno'S5$r$b.

9.11.18 &cpi!6ea :

(e5bd ab erod;r!5 Songeu a,ber $e6m ogtuI

A53g: t,beR* ero>d a>0,b>0.

SibS ag 1Q, ab e R+ er$ebo6.

a*b=abeR

(a * b) * c = (ab) * s = (a!)c = a(bc) = a(b r r) = a * (!* s) Va, b,c e R+

a'r b = ab = ba = b*a Va,b e R+

leR' ' Itb=lb=bVbeR+

aeR+ ero>d f eR* , u*1=".1=1=1."=l*"aaaaa

... (n*,* ) a"s tboorsssyrps.



9.11.19 Acrr;!6ta : ro8$ 5on5er )ry6ea bosoSoef C JAOC$5 55rrf.5rodbo6. qoc$d 0 e56"po

$ro55ood$o6. a,ber: r!i5 i>oo5erudrog$roo5 a+ib tust, 166So (-u)*i(-b) er6Oo6.

9.1L20 &o:ts6ta: soE$soa5er $q6ea l'ueas6oef C* =9\{0} JbOcfrSsXrrxrxo$d$os. 6fO" t

crclsrrversSl. a,b o5i5soo5err a+ibE6* erord 31i[ 6>56rdso ;ffi ergcrro8.

g.ll.Tl3-65655t : bii rSo G 66$ S}reiso 5oo5 Sol)efpd G $ 5O$c5 5$rlr.5)r erS ero{.rs1.

G66SSuersobop5 n eroud G S n566xASol>eib$rs5r$erco:pSr:bodrr lcl=n.rS
Greb. 56$60 sl bS)PIFQ erSo$6 b$rFJrS eroarS>.

sjrL22 S3€cbbgo65:): botoc5ssrr3.o G dr:S6?56X4 2n(n>l lfgossr:), Gd65$b5:rogo
e e<,>d al=e,a*e erd>5etglr G5€a"55yo5o a 4od$oA.

A55g' G' =G \{e} erib9oc5>.

G* dsps a$ A"={u,u-l} eps:$oo5>.

la-a ln"l =2 V aeG' erib$ocr5>.

xeAu + x=a do x=a-l

x=a elord x-l=a-1, *=u-l elold'*-l =u SibS Au=A*

.'. x€Au9Aa=A*

lp8 a,beG'g> A"=Ab de A"fleo=4.

$bg G* S$e {Aa}a€c- s3:d$o SdJr)Sr3:gcns$$6ro6. l4ul=2.

*arg lC'l 5o3oo5 erdlerroB. eroc$Sos lCl aS boe5 er$ebo6. qB Sgoc'$S 5tbge!.

... le"l=t er&JCrcB C d a er3Syer5o a*e 6odoo6. orl" a$ a="-l+aa=e,L

9.11.23 SAQ: 6l:8 G -.: * obXg50(gob. xeGB x*x=l ero$d x;b,$c$olrS(idempoten0

tbver5o erot.rS> (C, *) x)$rft"pd C d a"d e"s $doob5 5:ro55>o+Dod$ 6IOID.



o*to65&66eadDeD
outr66€ri,sD

9XL24 Aoifdee ! R'=R\{O} erib9;b;tu.

. "*b=lalb V a,beR* n $$O! R'e * 6Xrr565 o6rt{&s0(ld$ ergd$o6.

(4)*2=6, 2*(4)=-6 5$5 * 3$ibclto sc$.

l*a =a V ae R'; u*l=l V aeR'.
lal

*irs (n., *) e r Jffb 6.r$5o 5vo5o ergdro6. qos l clB fFa aeR'sr $t 3615ro ao6.

l*l=l;'(-t)*1=1

It\=(-l) *t,l*-l s;bs (*-,-) $ryso yctr.

l*\
-1, I eu (R , */d x5o$olrs SueseD.

S.A.Q. g.11.235ers 5:.6 (*.,-) bsy$o sds Eeu{go6.

9.11.2s 6o:to5ea : e,S Srx>so eod rsr5"o 6us6 b$s G = tol er;bg;b5u.

9.11.26 6cp$6e? : 6ocfr 5:rsseref aod fSr$o 'a>S6 5€5 G = {e,a} er;b$;bsD.

5i b$PFill) SPJrc$ SXyS$J.

g.7L27 Atril.6ta : 3 Sr:povo.f aod s5rl$o 6lr+ 5€5 G = {e,a,bi, e 66")$ 5uo5o g5tsocr5u.

G bol)q5 b$rs$). s;bs J6:b, sre S€35 r'"5dro Sers (b8 soE61b G 6tS erQ suosor
6o65erc6>5:,1p8 S:r'er5o a,€ e,S$O 5{9o6. exrit tp8 5.oOd;S G 6{3 pA Suoso e"€ c"S}O

5{9o6. s5rs 5e;s



e a b

e e a b

a a b e

b b e a

cr$d$oA. SibS G 55y$o ed>5a*g G66 a,€ a"5 cilpXg 5O!3d$ 60er)06. €r b5y$o
lboos5rxupsr:.

9.11.28 Aoritrdta (e Su'es.aD t{o SIu$e) : L€t C ={e,a,b,c}. e 66.yb 5yo5o er$$oo5l.

btoc$ bgoeSo g.17.2213is6o 3 x eG r xx = e aa=e er$.:9oe5>.

so6$b 1 : bb=e erold cc=e g$d$o6.

el$cb s$Fso c A1156 s$s

€r 55y$o.foOofiSrSrs"Su 6SlEo>5 (fbin)l- 55rr5.5D eroerS>. 6pC V.f brsq$r.
€r bjylPo6" aa = e, bb = g, cc = e, ab = c, bc = 8, gB = ber$eot.

Sc6$51 2: b A>56 366505D C cr$?5Jo6

bc=cb=e

5a3S 6t65bc$roAo6.tit

e a b

e e a b c

a a e c b

b b c e a

c c b I €

e b

e e I b

a a c )

b b I
0 c D I

€r b:irrso fbOco5sSrl$Ir. qoctr6'



o5lto6 S&r66.a6DaD
o(trd 6€rt8d6D

M=qbb=arCC=a q95r

bbb=ab=c ,;cCc=aC=b

G = {e, b, bb.bbb} = {e,c,cc,ccc} .

g.l1-.2g Ao:J.6a : G ={1,-1,i,-i}gC er;b9ibsD. Seg boo5o l'ueas6o 5JB C S5u$50$c$o6.

5c3S 6bJ5d$bJe56.
.J

I -l I -t
I t -l I -l

-l -l I -t t

I I -t -l I

-t -l I I -l

1$ e ,pJ), -1;b a 
'fso, i;b b rp;b, -l ib c 

'P5r 
Ag5, SrOS nQ e. b$t$ 5€S 6

o6"6ea g.t't.28. dC rooo;o 26'3 s$rrpo AD{r 5$5 e$d$o6. $bS €r Ootir s$F:Fel) tc3

5:rers"er o5o56eaod d5; $egeeelgSon: a"s1r650 ffi:$or55':itgii:.

9.11.30 erSS S5r:ns.o (Quatemion Group) Qs : s$& Qr,={tLti,lj,tk} 13oB 5€S Se
$$Ooba&S .[rXa 5oLg6 . cSt a,S lDOc6rS s? 6$r5e5o$c$o6.

Qr ? . dlX&soLgdo eria 136S

Qe ? . b5"565 p5dsrQ $c3{god$ $6 t5t65i$J$.

o I -l k -k
I I -l I -l j -j k -k
-l -l I -l I -j j -k k'
I I -l -t I k -k -j j

-l I -t -k k J -j
J J -J -k k -l I -t
-J -J J k -k -t I

k k -k J -.1 -t I

-k -k k -j j I -l I -l



5$5;bo& (ae, )e 1 e5c5yb SuerSo erS t5r6;i5:.1ib.

x€QE, x**l ero>d x.(-x)=t $bg x-l --x

x=tl erud x.x=l 55JS x-l -x

"' 
(Qt, ') rxur"xr'

Qgd i2 = j2 =k2 =-1,i. j=k, j.k=i,k.i= j, j.i=-k,k.j=-i,i.ft=-j,
I

sss (Qs,.) l&oorSss 65115"5>.

9.11.31 6e$6ca: n 65 {ngoSX>, Gn={r1..'C,zn =l} erSg;b$. roSgbon5o rbeas6od Gn

e"s.rbOooSr)$rF$).

A55g: leC,ln=l+ leGn.

zltz2eGn * zl'=l,zzn =1, Z1Z2eC

= (zp2)n = zln zL2n = I .l = I

- zp2 eGn

So$$ rou5 s3oe ? $e6sa roSg sorn5 r$eas6o brrr565, 5$$c$ o5dxr;b )slQod$
$55: EepXu.

zeGn 9

llr
=-=-=lznl

.zn =l+z *0

11)"\z):.ZeGn= -!.c,
z

l_+ -€Gn

t^l
eos z.:=l S;bs Z 6rsirfdSo: ergebo6. SibS Gn a,SfbOc*5s$rs$) Gn dl

Svovel 16>56. n-5 5:venoO, lCnl=Der$ X:tSor5ot.

gJfLs2 i65SFe ($:'oep): G a,555)rfFSD, aeQ, n {fgoSS>er5r$;irit.

A 5tP 5e5350 5rerSo e er;b$;b5>.



o6ltcl6f$SoeaOe>
o6tr66€66et$)

n=0 erq>d atr=e er$S$S{S::.

n >0ero>d a'tsr Xei.ysJ rlSJ.TJQbdrfroS al =a, urr -un-lu n- $$0{i>.

n < 0 ero::d an = (u-t )-" n- su5${5u.

lu.u...'a(n times) if n >0 erood

un=]eifn=geraud

la-l u-t ..'.u-l (-n times)if n < 0 eroard

er$ XSoSoSo&.

9.11.33 Seo.JXl: G b5u'35>, a,beG, tn,n€Z elopd

(D a-D = (u-t)" (iD am an = 4m+n

(iii) (um )n = utn (iv) ab = ba eraud (ab)n =3n6n erdlea>.

A55g )6$33 erar5X>om 55oa&56.

45 S5::p5eep :-

Cd5$stu , (G,,r,)a"S biurPsu, G$ H &g er$S5 A;) bfu6, eriirsibs>. 1p8 x,ye FI

x*yeH eroDd * fJR H bosJd;bgetuod$ eroe.l5D.

9.12.2 C65555:l : G 2"5 b5rt$5D, g eria Gd fos;e55ror5 a"S er{r55 A5 blr8 eribg;b5r. Ud
drXa bo[gc[DJJ V a;b e Hs: gd abib G dp abn" SSSqS]r. HdS ou ctuXg bo[gd$ib

H e C 5:o& So1Sb6.d5 G ;bo6 foo6 56[gc$ e,oerosD.

e.12.3 355655:: : Gz"S bs}IFJ}). G 6rs6 $"35e56 ex)bb& H, cdp sxa so[gd$ dJ+J

K>o5;e55rtu,509oe5>. G c5- fc0es;:O[So5oef g f5u:ro erqld, HSo GSr a"5 4b 55rr5o
ero{r5:r. G5: H dS 55)r.5"51 elS S5.1a-SB H<G (dS G>H) eo$ fo3o"n; e
-.^RrcR\K.. t{<G,H+G erorld H<G (ds G>H)erltg{xl.lr:vrlrf v vws Nl€J-.\5ouJ.

9.12.4 C65i5$$r: G &5blD8, H<G erqud H$ G$6gAbb5)r"FI$eroerS>. G<G erSA

bJ65!. C $ C g fl$ (injropa)A:)blD& eroerS::.

656Q:

9.12

9.12:t.



{e}sC ergi$o6. {e};sexl (triviat) abr$rsiDercc.rsl. H<c,H*{e} eloDd H a;b

6 3 (non - trivial) er5el Ab b5rtso eroer";S1.

9.12.5 6o$6te : Zn =l'0,1,2, l) 'erlSSibID. 
Za p .rib or:' q3o6 S$S o5e S$$o5oe5>.

(Zc,+l JbOo$.S SSrlIr.5JS, Stoafor sO r5.rd55c;5r. Z4dfS Suersofi

e=0,a=l,b= 2,c=3 lr xrEA (Zo,*l drsb 5€s acrpdea 9.8.28ds 25 bo56;od3

b;ryr"o G &)sb;r$5 a"sd erdloo>. (Zo,*l 6rsb 6ir s5yrso {0}, t0,2}, {0,1,2,3}eu.

9J2;6 65ltndea : $o:o,$ 4- S ;[rSo;no V = {e, a, b, c} d.:.l56. 65 5 Js.r"$e cr>

{e},{e,a},.{",b}, {",t},{e,a,b,c}=VeD €r i:Sllxnod *2 =e 55>56ce$3 4 }65er: Asx*.

9.12.7 aoridt:er:: (i) l'ueas6o r;.|5 R+ sr e* d:€15 $5::p$o er$e$o6.

(iD (2,*).(Q,*).(n,*).(c,*)

e.128 Acri'sea t (tZZ,+) <(eZ,+l <(tZ+>.(2,*).(R,*)

9.J.2.9 Atr.itsdGe

9.1210 AoitrSea

l()e?s6oaf R+s G={nn/nS Zl e-sAb5$rlP5o$dbo6.

O=lo"fnezl er5osro6, Xrtns65>ef G <e* <Rt.

gjrL'fl bgcdb: G e,SS$p:F5$b9;b$). Cq g 2,5655$&erii:9;b5D. GS g 455$t:no.
yse$S o:r q3o6 S65rcQ er5d55 se5*o.

(a) cd$ ostrx&5o[gcro sJiES H 5o5;el$.

(b) G56$ e!e535o 5:vo5o e erib$od s6t{

(c) aeH=a-leH

+ 0 I 2 3

0 0 I 2 3

I I 2 3 0

2 ) J 0 I

3 3 0 I 2



o5gero6a$6o6Dcrt
oun(l6artaat5D

essg : H < G er;bsoerD. 65 X:5yXro S*.55o ibo& G dC OrXg 5o(go5r 5;{J g $o5;6tu.

gdC .s.13;l J:rer5o e' eo;b9od H6tib, eroc5:S G 6t5r e'e'=e' er$d$o6.

YS Gd e'e=e'

.'.Cd e'e=e'e'erd1e5o..r6. S€3cJ s'560o ibo& s-s' eed)d$o6.

aeHerqpd Hd ab=s erdr50re.r: Hd b 4oe.lo6.

Cd Sye ab=e er$€foo6.

.'. Gef no-l = c = flb odleYlo6.

55.>5 b-a-l e H

3365doon- (a), ( U), (c) Sd5:5xp boe5$i 56.5zr6eor epib gocl;b.

G663 .[rrX& sotgob x>F,565 -So1rq ]6{gcS. 55:5 11dn f.ro.S :)sLgd)

sj.[tQ ]e3{goa.

eeH:+ ae=ea=aVaeH

ae H = a-l eH =,Hd a-la=da-l =e

S;bS 11 2"5 65 SSuXIJD.

9.12.72 bgoclsu : 55:1:T5> G S tt 2,5 er{r55 Abfb8 er5o95J5>. G $ H Ab b5v:Po vJa"3S

er5{55 botl sc[o$o H d$ erQ a,bo$ ab-l eg s56o.'

6$39: Gg: H eb 5$IXl"50;b9oe5rr. a,beH erib$ibSl.

ergci.: b-l e H erdld$o6. H bosJetg5oc$ 5er5 ... ab-l . g. erd1etuo6.

3i:65d5ron" a,b e H = ab-l e H er;b$$Su.

a,aeH 5l5o5 ...*-1=eeH

beH=e,beH=eb-l=b-leH

b,ceH =+ b,c-leh

f r \-l

= b(c J =b".H.

{rd bXr.r,56c
a



55rs taoQs 5o(!c$ fi$J H bo5}5$O€$o6.

S$S G$ H 65 x)$tS5oS6o6,

9.xt13 SAQ: H,Keu ab 55rr55gd, G$ HUf es s$ts$) € HsK 9- KGH er$

Sdrbolb5D.

gJi2f,r Ae$6o : (2,+)s 22,52 65 6$r:10o$oor. 2,5e2ZlJ5Z. 2+5=7 e2ZuSZ SS>S

Oocb 65 ir5rr"XFo r$gcnso 65 S$rlpo s$SlrtfdcS:.

9.UL15 SAQ: G 5o03od 55)r5.5)r, e oS.56Jb 5r:pE5o aeG eribsi5:S1. an =e erd5e*.g 76r
n docuo60 t5tO5D.

9lL1l6 $Odo: e 66"p0 5)Foson G a"5 55D'IF5o;bS;b$). G$ S e,S 455$8 er5tgoo5>.

ergt$ Hs ={xeG/sx=xs V siS}, G$ 65 55rr$o ed;doo6.

atl$g: s=es=se VseS:+e€Hs +Hs */.

x,y e Hs =r s(xy) = (sx) y = (xs) y = x(sy) = x(ys) = (,.y)s V s e S

=xYeHg i

xe Hg +sx= xs+ *-lr=r*-l V seS=+ x-l e Hg

$bS'G $ HS 65 55rtS$$c$o6.

9.ALV f65$55u : G 2,5 S$t'3'$ib9$5D. H6 ={xeG/xg=gx V gec}$ G 6r:51, €op5r

(centne) erctrsr.

9.12.1t .SAQ: ssrrs5D G 6ur+€og5o H6 c,SfDOArS esssor.sir$.$OSD.

g;tiLtg !ts€SsD: G e,SbsrrtrxD aeG e;b$ocrsD. cr5c5 g={an/neZ}, OS s5u'$6$.Iro6.

G$ 65 55v$o K, 8 € Keroard H gKe$etro6.

aS€: a0 =e=ee H

,tr-l
on, !m e H =l an ("t ) =slro-m = ao-m € H

.'. GSt 6 e,5 Ab X)Xrt:PsD.

aeK + aneK V n€Z 55lS HgK cl$6o€



o5rto6 Seg6.aSDot
6tr66ct€rlnD .

g.lLzl t65$55::: G a,S bI)t:FiD, a6Q eroud db bsrrXpo l^"l"eZ).;S, a.t' a$65odry G

arsb,:qEos 65 b$'sp5D ero{p5r:. 6Cf (a)-,tr sro}5rr.

g.lLzn f65655s: G tr5uXr5oib9$$o. Gd63 Spo a"5 5verSo a5: G=(a) ero>6 6f .:1EAr

rosrJ$$i e,oe.r5D. aib GS a55 SvelSo eroerlr:.

gJ2.22 AoritsSte : s5v5"o (2,+)8 neZ I asoefps.:1s0O 65 b5)F$o (p) = {nx/xez}.

s.rz.2sr{5eps : G rsrxrs>, ae G.erilrsib5l. bl=l^%.r!.

, =i(r' f" 1".,)={{"-')'A=-n€r}=("
-')

g.lL24 Aclit dn : (Za, +) a"s.:$o$ b5lrxr.5D. 6lE r, 3eD a55 SrerseD.

(3) = to,g,l +3,3 +3 +3) = l03,z,ll = zo

(l) = (0,1,2,3ll=zq

g.lrL?f, Acr$6se : $oa)s a - b$rS5D V t5qgoS SJy$5r sctr.

V={e,a,b,c}

(.)={"}, (a)={e,a}, (b)={e,b}, (c)={e,c}

S5rS VdP S 5yoS5r VS a55;i::perSo scir.

9.12.26 SAQ: ad a,5 a55 tluoSo 65; .:qSol b5:r$od 2 Sod J$ps Syoso eo6d1 erS auar$
3cooe.

(2, *\ z"s ,518cbc b$rssD. (2, *l$ 1, -1 a55 Syosogcral. 
,

(eZ, +l a"S.5q8c$ 5$:l.$JD. 63g 6, -5er: cSS Syosor.

c ={on/n e z} }o.uea l'ueasoef sqSos rr}:"xFxr) ,, ** A$g e:ss 5verve>.

(Q,*) .:q8cr: btlyxno s-cb.

9.12.27 €cF$gca

9,12.28 Acpl!6ea

g.l2.2Y AoSda

9.12.30 6F$5ca

a$59, (Q, +) s$cs 6x:rs$;b9od 3qeQrQ=(q):



9=0 erqud (q)={O}*e.

55oS q*0 erd1ebo6.

teQ=(q)+f0*meZrl=mg

I 
) =+o *nezrl=nq

2n'.Q=tq/ =u-n€ or.--=

I I =iL= n=!.2 i6 erbod55nt'=nq=n',n m z

5$s (Q, *) ':qSoo 
irsrrrpo scs:.

ts.tz.grao:ts6ca r (Q*,.) s18o, $svso sci:.

AsSg , (e*, .) ,:r.8oosss"od 3a e Q+ e Q+ =(a)

s=l erorrd'(a)={t}*Q+

SibS a*l

2eQ* :+ 3ne Zt2=an

9n.=1, 2=a

+Q* =(2)

l.o* +3K.zr!--zK3- 3

=ll=3*2K qOerbod5S>

ssos (Q*,.) .:qSot $$rsrD.

g.tz.g2 Acplpgge : G = la+AJ',f a,bezl e;bf;b5>. $e6ea X:oSoSo +Qf G 2,5 65ylr5:gd!:o6.

6Od.S.f;S SrrerSo 0 egeloo6. a+bJi 6rrsb 16'So *a-b.E er$elo6. (C, *) ':q8Oo

.6;5:13o vC5:.

a56g, (G,+) S1gOoS;b$od 3a+b.,8 eG r



d9%r6tfD-

c =("+u..tr)

I e G + 3 0 * niZr I = n ("+U€)=na+nb.E

:+na-l , nb=0

:+na=1', b=0

Jiec-f o *meZ>&=^("+u.tr) =maeZ

+ J-Z.Z qB erboa555>.

$bs (G,+) ,JLgd) b;frvxro sc$.

9.13 S.A.Q. e$ S5:otrlgleD :-

9.4.74 SAQ: a,b,c o {rgosersr9;bsr). (a,(U,c))=((a,b),c)

A$$g: dt =(a,(b,c)) , d2--((a,b),c)

d1 la, d1 l(b,") ireoeSo 9.4.4d 2 ;bo&

dr lb, o, !"
ssos d1 | (a, b), dr I c $bs dl I d2

qd l6on dz ldr

bgo6o 9.4.4d 4;bo& dr =dz erdle$o6.

.'. ((u,b), r) = (u, (u,"))

9.4.16 SAQ : X,Y s U-goseu m = ax + by eribg;b5u.

booero 9.4.483 ibo& gla, glb + gl(ax+by)=6

3565d$om glm gbSibSD. er$db SkeZ>

m = gk . g = axo + bys erd)5dr$ {rgoso xg, y0 eDoe.roD.

... m =(*o *byo)k =a(xok)+ b(vok).



9.4.26 SAQ: c$u.gec$rs q,r"rtr:r66 aot& (5goe55D 9.4.25.)ef a>fO Eo6: f5>56eeo 5ro&

(tr.";=(rr, rz) er$ drg5r

6369: B>5c3 6ocb K)5:s6erex

b=cQt *11 ,0<t<c

c = rlq2 + 12, 0 < 12 < rl

bcro,5S::9.4.22 so&,

(b,r) = (b -"q,,") = (tr,c) = (11,c -rlq2) =(.r,rz)

9.4.30 SAQ: n, n + lo: Eo6.: Stbb X:Ir"a 5oO5o5:95.:51.

nln(n +t), (n+l)ln(n+1) cc$ero>.

nl.x, (n+l)lx er5o95:5r. lm e Z) x =nm

(n +.1) | nrn , (n,n + l) = 1 55.:5 bcroe5o 9.4.24 5:o&

(n + l)lm 55:5 n(n a 1)/nm = x.

.'. [rr,n+l]=n(n+l)

s.4.s4 SAQ: [ryi.UJ, ma 6r:56. r'uela5r.
t-.

ffio, p d>56.fueia5r:S;tJS 3heZt

[nra,mb] = p6

[a.bl = d erbcgSo5r.
\

a ld, b ld, am ldm, bm ldm + mh ldm.

.'. hld.

qoy amlmn,bmlhh,alh,blh SibS dlh

... h-d

[ma,mb]= rlh = md = m[a,b]



9.5.6 SAQ : al(=aY(modm)=+ml(o-"V)

+ rnla(x-y)

+ml(x-y), ...(a,m)=1

+ x = Y(modm)

9.6.8 SAQ: i=1,2,....',r$ x:y(modm;) emr:d mi l(x-y).

SibS x-y eria r11,1n2,....,Dr s b$S5lbesa5l [m1, m2,""',mr]l(x-V)

+ x = v(mod[m1, 02,.....,*r])

9.7.13 SAQ: (i) q$JJ b5r{oXr5e5 4x=5(66,66)

a=4rb=5, m=6

6=(a,m)=(4,6) =2, d{ b=5

.'. 4x = 5(mod6)$ $65 eodc$'

(iD qOJJ b5>€o15e5 3x = 5(msd7)'

a=3, b=5, m=7

d=(1,/)=l

... 3x = 5(mod7) $ sES erb;$tlS $65 Aoe.Do6.

3x - 5(6667)

0 = 7(mq47)

:+ 3x: l2(mod7), (3,7). = I

- x = a(mod7)

Sgs errsdns )65 4 er$d$o6. .

e.10.2 SAQ: (t,O)eGxG. y$ l. O=% S$Oelosctr. $bS.6$J (t,O)s GO4qsoaooodc$.



e.10.10 SAQ : x € R, f, g€ G sou6, f(*), S(x) qgs soqSor. S[rE f(x)+g(x) 5gs qEs soq.
SSoS R ? tr s.gS fucr5 tp$Oro cr$elr6.

f(x)+g(x) = g(x)+f(x), (f(x)+g(x))+k(x)= r(x)+(s(x)+lc(x))

Vf, g, keG, V x e R cgr:$o6.

erocS:$ Gd + t35)c$51,5:rrJ6551 cgr$o6.

erod V f, geG, f +g = g+f,(f+g)+k=f +(g+K) clg6>o6.

e.10.11 SAQ: (D X$, A-8, B-Aor 65 S$dlrerr. $bS (A-B)UG-A)SF6 X$ 6b sb8.

.'.A+BeGVA,BeG

A + B = (A - s)U(g-l)= (g-n)U(e- g) = B+ A

SibS + 3$$615rr.

AerqSrl1onosr :troc$o $ Tg X,

T, = X - To$ S-f = bflt'sr e:i6rno0

(n + s) + c = (A n B' n C') u (B n A' n C') u (C n A' n B,) u (A n B n C)

=A+(B+C) V A,B,CeG cl r$65t$;5t

5$5 + ShI655l

(iD VA,B,CeGlb,

AnB=BflA. An(BnC)=(AnB)OC e,r 5o$$ itep$o. s$s

...A. B=8. A, (A. B).C=A.(g.C)

Siir5 . 3P5td$5D 5rOc6D SStld5Su e$dbo6.

9.11.15 SAQ : Z8 + s:t"rl65 tstrd:.qdroilr i.6o$ otrrfil SO\gdt GrA &5$ ilor;lr.

0eZ, 0+a = sY aeZ

aeZ+ -aeZ

a+(-a)=a-a=0

eroc$6 (2,*l 3D:b6, s5r:tFtD.



C,65Q)66AE6!?SDQD
odFSd€e6&l{n

g.1t1..2g SAQ : G dP 6e5p5: SrrosQ e eriirgooS>.

er$cb ee = e. 
.

xeG' xx=x erqud xx=x=xc a$d$o6.

J65r S"€3e5 ;r"5o5:o ;bo& x = e c$€bo8.

S;bs G df 53s r5cboos"rs 5verSo e er$e$o6

s.rz.tgsAQ : HEK dE KsH erqr:d Hur=Kds HUK=H

b$J"fp$) 3;:65c$on H UK 45 er35v5'$5o9ocr5l'

H/K er5rgod SlreHrheK'

keK ers.rs$$r.. q$c$ k,heHUK 55rs .'.kheHUK

kh e K ero.r:d k-l(kh)=(t-tt)n=eh=heK e'Scbo6' SibS

.'. kh e H erSe5Jo6. K = Ke = r(nrt-t )= 
(rh)h-l e H

.'. KsH.

gA2aS SAQ: a=eeror:d a'=e'=e

. a*e er5o$'S:5>.

v rt, t'lt e Z* . n* m 5: an I at elor:d

b03re5 blD& G 5)

qa 3cb{6

= nlrl-n =g €r$e!)06.

HUK ersa G$ 65

g = {un/n eZ+l uS erSoe5 6X)$$8 er$dtro6'

SibS 3n,mG Z+ z n*m, an =am

n*rn dS m-n-€Z+ erdlc$o6' qos an-m

fn-m if n>m *
k={ e,qDel

Lm-n lf m>n

k e Z+, ak 
.= 

e el$60o6.



if

9.121t SAQ: H6 ={x eGlgx=xgVgeG}

G6' 6.IJSI 5rro5o e cr5rgoq5D.

g=eg--ge V geG +eeH6 :+HO *l

. xeH6 +gx=xg+P(-l =x-lgV geG

+x-teH6

x,y e H6 = g(*v) = (p.)y = (*g)y = x(gy)

=x(yg)=(xy)g V geG

=xyeH6
eroc5r3 G$ H6 a5b$rxrsD.

x,y e H6 + x € H6, !€G + rry =16

croc$S Hc J'boorSssuoru

9.XLZ6 SAe,: G = (a) er$95r5rl.

(u_,) = {1"_r;"/n. z}

= {u-n/n .zl ={"'/'e z} = (a)

ero6od a, u-l* G$ a55 SrtosoScort

5go{o 5o5, 
" =u-l

u2 =u.u =a-lu ="'

.'. n>l gr a2n =g,s2n-l=s €$cl)o&

... Q=(a)={ea}r !=G enr>d C={"}



c5rto65brl606Dcb
odtr66€tt&tiD

9.14 ef555> :-
5cf5o65u :-

1. n XrO {y"go5p 22n -l;b 15 srn{go6 er$ rir$Su.

2. Fe db QrgogSD 4n + I dcv 4n -l( neZ) efi ursod ddaDo6$ '5ISID.

3. c$IgeobS era5 ao1&5:sdrfro0 x.$.a;n. g$^'$5D.

(D (20,118), (iD (2210, 493), (iiD (959, 728,325), (N)/ (7.69'2164r.

a = 427,b= 6l66DSb X.$.qr. g3 S;bfi';b5>.

8=or+by erd>5er€7p {t"%o5rqp x,}oib $b^';bsD.

$oB bo+5er G!5IE3S Sle5ea5r Gr€Sroe.'

(D zsoo (iD 49so (iiD 28812

p Fry5 boe5, ab=O(modp) erqud a=0(modp)Ut brO(moilp) el$rArcAi r5v5o6.

$oA ss:trSe5er5: $Oo.5o&.

(D 3x=4(6665) (i0 259x=5(mqdll) (CI l5rrl2(modZt)

(iv) l3x=9(p6625) (v) 8x=3(sp627) (vD 3x=l(modl25)

(viD llx=2(mod3l7)

8. l0l-32 = O(modl l) ur$ 
'5POED.

g. 281+233= 0(mod899) ee3 dPOID.

10. p (pcr"s boo5 erord pl 2(p-3)t+l ers r5rosD-

11. 1365$ a,ber $*5 qicrooopd al2 -bl2;b 1365 p"n{go53 3d*otbsr:.

5x.w$sr6o:-

UL R er-E5;t::"ogF3rcilr"crS5o&3 G erir95r5>. f,geG$ f.g=h $ h(x)=f(x)g(x)

V x € R le S$$o$s>. G e . b:nJS 33$6 dDt(t56Lgd, sA $O$
14. 6={f/f :R-+R &sE$dic5D}. f, geGlfi

f * g =h, ib h(x)=(f * g)(x)= t'y**rV f, geG, xeR ;p 3$!b

6.

7.

* dtuXg sO[gc$YdS,5r"5ot.



76.

(r:".:s : f(x)=X*l,B(x)=x-l V xeR. f,geG. (f lexll -{t+)/rr-D=%
$$,1o:>a63b)

4tu55d$a&5 :r0$d$er erctu S$od$er p o::rrg i:O13o5rogedr" dd SE $rdo&. drXA
50[gc[:gd erS 3S$c[:, KrLr$65 o5c[ro5: ]es{dr dda $96o'5o&.

i) Z+ea.b=a-b iDZ+ea.b=ab iiD a Eu.b=a-b
6Xr55c$D&5 b6$c[:o ercb Slodtro p obXg b6q3d$erd;edr. dd 56 t516o&. tuX&
5o[gd$gd er$ SC5:o50, bS565 rjcfro;b ]esqdr dO" SgOo,:o&.

17.

(D Z7- a'b=a-b (iD Q E u.b=ab+l (iiD Q e a'b =u%

(ivl z+ p a.b = 3ab (v) z* e a.b = ab

$ql6ea l'ueas'6oef Z+r$:':lo s-d$ rir"bo&.

(f:n.:f 1 6e5"150 5uo55r $>& x * I $ Sd5ro 6c$)

$e6ea tbeav6oef q+ "fbOor56$Jpfr.$S t5J"5o&.

19. $"i5e56 x)lr& G e .[rx& Sotgd$ *, $oB $d6r5::e;b ]6] (C, *) K)$r:Fsr$erro6c

t5:;"OID.

(D ,r b3.56j .yJd6rQ )dgoa.

(iD SeeG)a*e=aVaeG

(iiD aeG + 3beGra*b=e

20. pfscr5d * Xr3"'565;t'a\c[r$J $e3or56o er5d55$S zuard;3OrS,>.

nr,5s: G={e,a,b},

a*b=a-b Ir" $SSi (2, *) rr}Jens> s"5S l5rosD.

(5PJJ : (t *z)*3, I *(2*3) o5: Se.lo&)

27.



o5rto6 F&StbAuor
o6n66€6ad6rt

22- &*b =abm S$O! (a,-) r5rr"so sd3 t5r$5p.

G=R\{-1} elib$5t5D.

X)$r35J$ .5IOXD.

(rv;s : * b*r"565 s$Xrd) 6fia56(tdo 166J5, 5vo5o 0e Q, orb $6e5oo dc$)

G e atb=a+b+abVa,beG ,T $SOt, (A,t) .rbOa:S

(nr\55 : a + b + ab + I = (a + lXb + l).trlJ5, 5r:'o5o 0 cr$dbo6.'-t =-/(t * 
^))

24. R*=R\{0}, R'e .ib r.b=albl n $$Sog{p. s. (R.,.):s aonuta 9.11.246'3

(*.,*) .f iro.ysras.

25. G 2,5 b5:vF5u, o11....;o1eG enrrd ("t 
"r.....an)-t 

-un-l on-t-I""'ut-l

erS '5r$51.

(sr.55 : (ab)-l = 6-1"-l .f xelcn;ir xsoQ A56rnoi$5t)

26. n )l.a-s{fgoSXu. e$ c!rI;$ lyosonfio55$So G s$s.slsu. fl ={xeC/xn =e},

G s arrsfP$$c$o5& r:r{55D.

27. G e,Sb$Jpr'.sD, G O"pSOexyS$& H, G663561.3doT6eOGr50!3d$cf 505;r!$o16

er6 G $ a5 3$rs$$d$o5$ I:'OID.

(5JD55 : Rrcroclo 9.11.11)

s$pxr"5D Cd, {Ho}o.o er36 eb 6$rlpcD H*o $6,loar5u eol6,H=

G $ a;) x)srln.$S nrAS$.

29. rSlprr'$rG$ U 65b$rs$$Yib+. ya,bec $ a-b<+ ab-leH rn -$pSOt
- G a e5oo5 SoaroSSrS JrOSD.

bSr:piro G $, H.KeD 6555rr5cor.

gg = {trt</h e H, k e K} er;$9ri:5>. erg6

HK <G <+ HK =KH eS Sc{r.lror5r5,p.

n Ha srd
ceA

28.

30.



9.15 $car.5;n6odP erf5$esb S5rrg;rel :-

9.14.3

9.14.4

9.14.5

9.14.7

(i) 2

(ti) 7

(iiD 13

(iv') 77

E='7,X=-13, y=-9

ID 2e.51

(iD 2r .32 .52 .l ll

(iiD 22 ar.74

(D x=3(mod5) i.e. x=3+ 5t,tez.

(iD x = l0(6edl l) i.e. x = l0+l lt,teZ.

(iiD x=5+4t(mod2l),t=0,1,2 ; x=5(mod 2l)

(iv) x=18(msd25) i.e. x=25k+18, keZ

(v) x= 24(msd27l. i.e. x=24+27k,keZ

(vi) x =42(modl25) l.e. x=42+l25t,tez.

(viD x=29(6sd3l7) l.e. x=29+3l7t,teZ

e.\6 srDao $6* F{*r-
5oEr5o55l:

l. (D 243x+ l98Y =!

(iD 7lx-loy = t r5:sucrosr {y'gos }6roso 5slfi"5o6.

2. m>0,oor:d [ma,mb]=m[a,b] er0 rJvSoA. qos [a,b]'(a,b)=labl er$ rirSot.

3. pe5 X>oo5o b3o8 er56$c5$C SdPborSo&.

( m \4. ax = ay(mod m) <+ * = y[modffiJ ero s€s.



oSrto6 S$g6er6rreD
6d€.Srr6D

5. x=y(modm) eror:d (*,-)=(y,m) eb$ StlrSo5o;5r.

6. (u,t)=l erqr:d uO(m):l(modm) er$ 3ctr";oib5>.

7. p Fo"s 5oa5 eroud (p-f)f :-l(modP)ers,5r$tu.

55rFt!t65D:

8. .[t Xa Sotgo$b S$So5oS. S3:bd$5D, bInSdSSrerOG Saofu s$ cfr:X6 Sotgd$$ &s

Aoll"6mS5>6.

g. bxrpr.$);b S$Oo$su. b5u$o G d e*f;S 5yo5o 5,gSXr:, 1p8 5u"erSo 6rg6 fdso
\Eox, er$ r1r0;i:0.

10. l5x)r'rr"s!xD s65,)ogtu. G 65:lxF5D, a,b€G elo:rd (u-t)tt =u, (ab)-l -b-la-l ers

.5POID.

11. fs)l"fr5Dib $650o{;5r. er{r55 SSrg G a olr)t{g 5013o5r . €a 13oB So5.:5rer5o

bocijeso! (C,.) rf:rr"$$ '515o6.

(D . bir565 -Sd5r.Q $e3{go8.

(iD !eeG)e.a=a VaeG

(iiD aeG=3beGtb.a=e

er&55 x)b& Ge . a,5 bLtst565 -J.SrQ )e3oS, tuXa58[96 er;5:9$5>. lp& a,beG5:,

a. x=b, y.a=b sbs6eeo$ G64$65eDod (C,.) fSrXr:bSr5l0tu.

abl
e* by *x) a* O =?o s$soQl5r. (q*, *)"rbocssrs::,p$s ,5r"O5D

5olrct b5r:"iro G dS Srreryer bo+J SO 5oo5 ecSoSibXD. C d .SO3S Srver5o e

cr$s:b5D. CS a *e, M=e eldl5e.logm 4"5 a Ao0::o5$ '5r$5>.

15. G={e,a,b,c} erood (C,.) rxuFo erdr5oe'gn'eod G eP.tux& so[gd$ erQloe3$

55r^'5rSD.

55rr3o drS.b db x)$r.xrsQ $$So$5r:. (Zo,*l 6r5b erQ 65 5;b56erib S$fi"ibID.

13.

14.

16.

t7. 65 x)SIrxFQ 365$o$5r. san:51- SSr:'3o ArSb 65 Ssvlfer$;oo3$ Sibff;b5D.



18. ir5rnFo G6e e$Sge,5S$O g cr$g;tr5u; GSr g 65b5r:f5>

<+ ab-l eH VqbeH crl36rbot$$.

t\79. (a-; .) SqScO s5u€.o sdi t$er5r.

9.17 e.SrelE $ogen :-

1. An lntroduc'tion to the ltcory of Numberc - lvan Niven, H.S. Zuckerman - Wiley Eastem
Ltd. 1976

2. A first @urse in Abstract Algebra - J.B. Fraleigh, Narosa Publishing House, 1988.

3. Topics in Algebra - l.N. Herstein, wiley Eastem Ltd., New Dethi, 1gzs.

4. ,Basic-Algebra, Vol. l& ll- N. Jacobson, Hindustan pub. Co. 19g0.

5. A Text book of Modem AbctractAlgebra - Santi Narayan, S. Chand & Co.

$656i5erd

JS. 6ep
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 S.A.Q. (Self Assessment Questions)

 

 

 

 A 

AS  A (Composition of mapings) 

AS  3 4S , S   

(Lattice Diagrams) n 3 n  nS 

     A       
     




 10 . 2 






 Z,    n 

n nZ ,   n   n 

 SAQs 

 

  A  B   A B  f  f 


i A a B  b,   fa,b  

ii a A, b, b B     fa,b     fa,b   b b 

 f  A  B  f : A B 

    fa,b   af b  b  f  a 
A  f B  f 

 Af af a A   f  A 

    : A B, : B C          a a    a A   A 

C    

  : A B  

i a a     a a  

ii b B  a A a b       

iii   

  A  A  f  f  A 


  A   AS  
 AS 
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aI a  a A A 

 AS  

A, S , a A        a a    

,  A  A 

a, a H     a a   

   a a     

a a      

a a    

 ,  

  C A  b c 

A b 

  a A a b   

   a a b C     

 ,  

A, S   AS 



A, , S , a A     

               a a a a a              

    A, , S          

         Aa I a I a a I a I a A, S         

I I     

AS  I 



 10 . 4 

 AS   a A 

a a  A a 

1 : A A    1a a , a a       1
AS  

     1 1 1 1a a a aI a A ; a a a a a I a A                         

1 1
AI S        

AS   1 

 AS 

 A   1,2, ,n    A n n 

 nS 

a nS n!

 nf S   f 1 1, 2,.............., n   f 2  f

    1,2,.............,n \ f 1          f 3 1, 2,..........., n \ f 1 , f 2 

               f i 1,2,............,n \ f 1 , f 2 , ..............., f i 1  

2 i n   nS   n n 1 ..............1 n!   

  nS 
       
1 2 i n

1 2 i n

            
                



   A 1,2,3,4,5,6,7 

1 2 3 4 5 6 7

2 4 3 1 6 7 5

 
   

 
 1 2 3 4 5 6 7

4 3 1 2 6 7 5

 
   

 

 1 2 3 4 5 6 7

3 2 1 4 7 5 6
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   A 1,2,3  3S 

0 1 2
1 2 3 1 2 3 1 2 3

, ,
1 2 3 2 3 1 3 1 2

     
          

     

1 2 3
1 2 3 1 2 3 1 2 3

, ,
1 3 2 3 2 1 2 1 3

     
          

     

1

3

2

3S      3D      0 1 2, ,    

1 2 3, ,   

3S 

0 1 2 1 2 3

0 0 1 2 1 2 3

1 1 2 0 2 3 1

2 2 0 1 3 1 2

1 1 3 2 0 2 1

2 2 1 3 1 0 2

3 3 2 1 2 1 0

     
      
      
      
      
      
      

2 3 2 1 3 2,          3S 

3S              0 0 1 0 2 0 3 0 1 2, , , , ,, , , ,           3S    
(lattice  diagram)
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S3

 0 1 2, ,    0 3, 

 0

 0 1,   0 2, 

 D4
 4D  4D (Octic Group 4D ) i 

 i  i  4D



0 1
1 2 3 4 1 2 3 4

1 2 3 4 2 1 4 3

   
      

   

1 2
1 2 3 4 1 2 3 4

2 3 4 1 4 3 2 1

   
      

   

2 1
1 2 3 4 1 2 3 4

3 4 1 2 3 2 1 4

   
      

   

3
1 2 3 4

4 1 2 3

 
   

 
 2

1 2 3 4

1 4 3 2

 
   

 

0 1 2 3 1 2 1 2

0 0 1 2 3 1 2 1 2

1 1 2 3 0 2 1 1 2

2 2 3 0 1 2 1 2 1

3 3 0 1 2 1 2 2 1

1 1 1 2 2 0 2 1 3

2 2 2 1 1 2 0 3 1

1 1 2 2 1 3 1 0 2

2 2 1 1 2 1 3 2 0
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 4D 

4D            0 0 1 0 2 0 2 0 1 0 2, , , , ,, , , , , ,          

   0 2 1 2 0 1 2 3, , , , , ,,         4D 



D4

 0

 0 1, 

 0 2 1 2, , ,     0 2 1 2, , ,   

 0 1 2 3, , ,   

 0 2, 
 0 2,   0 2,  0 1, 

  3S , 

i 2 3
1 2 1 0,         0 1 21 , ,  

ii 2 3
2 1 2 0,         0 1 22 , ,  

iii 2
1 0      0 11 , 

iv 2
2 0      0 22 , 

v 2
3 0     3 0 3,  

 SAQ   5S 
1 2 3 4 5

2 4 5 1 3
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  3S        0 0 1 2 0 1 0 2, , , ,, , , ,       

 0 3,   3S 

 n 3  nS 

 n 3 

1 2 3 4 n 1 n
f

2 3 4 5 n 1

       
        

1 2 3 4 n 1 n
g

2 1 3 4 n 1 n

       
         



nf , g S 

1 2 3 4 n 1 n
fg

1 3 4 5 n 2

       
        

1 2 3 4 n 1 n
gf

3 2 4 5 n 1

       
        

fg gf 

 n 3  nS 

 

  A  AS  a A      na a n Z        a



  8S 
1 2 3 4 5 6 7 8

2 4 3 1 6 8 5 7

 
   

 


       ,1, 2, 4 2,4,11 2    

           , ,4,1,2 5,6,8,73 3 54       
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       ,6,8,7,5 7,5,6,86 7         8,7,5,68 

             , 5 6 7 81 2 4                  

 A  AS  


    c a b   

 nc a   mc b   Z  m, n 

   1nx x aa     Z  1n 

 1 1n n nnc c      

 1 1n n m n nm
1b b , m n n Z          

  x b

    a b   

    b a    

   a b   

  A  AS  A   1 2 nB a ,a , ,a    

 1 2 2 3 n 1 n n 1a a , a a , ,a a , a a            A \ B x  x x  
 n 

 1 2 na , a , ,a    

 A   1 1 nB a , ,a      2 1 mB b , ,b     A  1 2B B  

  1 1 2 na , a , ,a       2 1 2 mb , b , ,b    

 

      1 21 2 n 1 2 mB , Ba ,a , ,a b , b , ,b        A    1 2B B  



   1 21 2 n 1 2 m,a , a , ,a b ,b , ,b        
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  i 1 2
i 1 2 i 1 2

1 2

a , i n
a a

a , i n
  

        

     
     

i 1

1

a , i n

a , i n
 

  

     
     

i 1
i 2 1 i 1

1

a , i n
a a

a , i n
 

      

     
     

1 i n   i 2 1 i 1 2a a    

1 j m  

j 1 2 j 2 1b b     

 1 2x A \ B B  

     1 2 1 2 2 2 1 2 1x x x x x x             

    1 2 2 1a a a A       

1 2 2 1    

     1 2 na ,a , ,a        1 i n    i i 1 n 1 2 i 1a , a , a , a , a , ,a         



 

    6, S1, 4, 5, 6 2, 1, 5    

1 2 3 4 5 6

4 1 3 2 6 5

 
   

 

1 2 3 4 5 6

6 4 3 5 2 1
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  A  AS  x A 

   0 2 1x x x , x , x , , x 
         

 0 

 x x   1x x   

 nx x n Z    

     x x 

x x  

 2 kX x,x , x , x ,               

X A, A X

 n mx x    m n  m n 

m n  

n m n mx x x x x       

  x x x x             

 x x   0 

tt Z, x x    

  n 1X x, x , x , x       

 k Z t,r Z      k t r, 0 r    

  k t r t r r 1x x x x x,x , , x
             
  

     2 1x x, x , x , , x 
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  A  


      1 2, , ,x x x            

  i
i 1

A x


 


     ji xx      i j 

   ii i i ix x , x , x         1 i  

1 i    1 2, , ,         i2
i i i i ix , x , x , x         

1 2         

a A   ia x   ix 

 i0 k    k
ia x  

k 1
i i

i
i i

x , k
a

x , k

    






j i   ia x  ja a  

k 1
i i

1 2 i 1 i i 1 i
i i

x , k
a ........... .............. a

x , k



 
           








k 1
k i i

i
i i

x , k
a x

x , k

       






1 2a a ............ a A       

 1 2 n...........     

i j     ji xx      1 2 n...........     

A 
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aA 


 

  5S   3,4  

     A  


I    1 2 2 1I x , x x , x 


AS   1 2 na , a , ,a       n 2 

x A 

nx a  1x a 

      1 3 11 2 1 n 1 na , ax x a xa , a a , a a , a    

ix a , i n  

i i 1x a a    

       1 2 1 i 1 i 1 1 nx a , a a , a a , a a , a          

      i 1 2 1 i 1 i 1 1 na a , a a , a a , a a , a        

   1 1 i 1 1 na a , a a ,a     

   i 1 i 11 i 2 1 na aa , a a , a        

 1 nx a , ,a    x x  

     1 31 2 1 na , ax xa , a a , a      



    1 31 2 1 na , aa , a a ,a      
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 (Procedure)  A 


A  AS  A 

 1a 

   12
1 1 1 1 1a a , a , a , a         

 1A \ a  2a 

   22
2 2 2 2 2a a , a , a , ,a       



 
k 1

i
i 1

A \ a





  ka     k
k k k ka a , a ,...................., a    

  
k

i
i 1

A a


  

 ii i i ia , a , , a        1 i k  

1 2 k          

 i      i2
i i i i i i ia , a a , a a , a             

 i   ia  i  i 

 1 2 n, ,...........................,      i 

   A 1,2,3,4,5,6,7,8  1 2 3 4 5 6 7 8

8 2 6 3 7 4 5 1

 
   

 

           , ,1,8 3,6,431 2 2            5,75  

     1 2 3, , 5, 71,8 3,6,4     

    2 3,6 3, 4 

        1 2 3 1, 8 3, 6 3, 4 5, 7     



10 . 15 


   A 1, 2, 3, 4, 5, 6, 7, 8

1 2 3 4 5 6 7 8

3 1 4 7 2 5 8 6

 
   

 

   1,3,4,7,8,6,5,21 

 

 1, 3, 4, 7, 8, 6, 5, 2 

             1, 3 1, 4 1, 7 1, 8 1, 6 1, 5 1, 2

 G a G, G  e 

r  rr 0, a e  

0 s r, s   sa e 

r  a 

e 

  A  AS  n    n



  1 2 na , a , ,a     AS 

x A 

 i  ix a  nx x x x     

ix a , i n  

n n i i i i 1 i i 0
i i n 1 i i ia a a a .................... a a a                

nx a  n n 1 n 2 n n
n 1 2 n na a a a a                

 n  I 

n I, 
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k k 1
1 2 1 ka a a

          2 3 na , a , ,a   

 k
1 1a a 

 k I 

  n 

  


 ,      

 m m m      m Z

,   a a   a a  

 a a  a a  

m m mI I, I       

m mI    m m m II I      

m I  

m m I   

m m  

m mI a a a a a          

m m   ma a 

ma a a a      

a a, a a    

 m I   m I 

m I     m 
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 m    

    

a A 


 AS  1 2 r 1 2 r, , .................., , , ,...............,        



  6S  1 2 3 4 5 6

2 3 1 4 6 5

 
   

 


   1, 2, 3 5, 6 

    62,3  

 SAQ 1 2 3 4 5 6 7 8

2 1 3 4 6 7 8 5

 
   

 


  8S   1,3,5,7,6    1 1, 6, 7, 5, 3  

  AS   1 2 na , a , , a      

 1
1 n n 1 2a ,a , a , ,a

     

  1  

 SAQ

 

  nS 

    I 1 2 2 1 

1 2 k, ,................,   

1 2 kI , ,................,    



 10 . 18 

 m 
m  j 

j k  1 k 1,       m  km m 

   k1 km mI m m           km m 

 j k  k km m, m m    

j k 

 j j 1  

     
         
         
         

i Im, x m, x

ii m, x m, y x, y m, x

iii m, x y, z y, z m, x

iv m, x x, y y, x m, y

 


 


 
 



 j j 1   j j 1  

I  m 
 m  j k 
   m  
 I 
II..............I 
 k 

 AS  1 2 r 1 2 s                  1 2 r 1 2, , , ,       s 



1I     
 1 1 1

1 2 r s s 1 1T T T T T T

   1 2 r s s 1 1T T T T T T

 r s 

 r, s 
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     nS    


 n 2  nS  nA  nB 

n nA ,B 
n!
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 nS  n! 

  1, 2  

 n nf : A B  f     f 

1 2f f    1 2  

 1 2     nS 

f 

nB   1
nA     1f I        

 f 

f  n nA B

n n n!A B 

n n
n!

A B
2

  

  nn 2, S  nA  nS  nA 

     nI I A1 2 2 1   

 1 2 n, A   

 1 1 2 k 2 1 2,                  

 1 2 k 1 2, , .........., , , ,..............,         k, 

 1 2   k
1 1 1

1 2 1 2 eTT ............T T T ............T 

1 2 nA  
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  11 1 1 1
1 k k 1 1 k k 1 1 n1 2 k A   

                       

 nS  nA 

  nS  nA 

   A 1 2 3 4 5 6 7 8 

i 1 2 3 4 5 6 7 8

8 2 6 3 7 4 5 1

 
   

 

     1, 8 3, 6, 4 5, 7 

        1, 8 3, 6 3, 4 5, 7

 

ii 1 2 3 4 5 6 7 8

3 1 4 7 2 5 8 6

 
   

 

 1, 3, 4, 7, 8, 6, 5, 2 

              1,3 1,4 1,7 1, 8 1, 6 1, 5 1, 2

 

 SAQ  nn 2, S   nS   nA 


  nS   1 2 2k 1a , a , , a        2 

    2
1 2 2k 1 1 2 2k 1a , a , ,a a , a , ,a         

  1 3 5 2k 1 2k 1 2 4 2k 2 2ka , a , a , ,a , a , a , a , a , a        

 2 

  SAQ nS   1 2 2ka , a , ,a      2 

  n r 
 n | r    1n,r  
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r I  n  r

ra a a    a  a a 

r  m 

 n 1a, a , ,a       

  r m 1r ra, a , ,a
      

    r m na a
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       rb \a a 

  

 b  b b,   rb b  
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r
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G a 

 x, y G   n mn, m Z x a , y a   

 n m n m m n m nxy a a a a a a yx      

G a  

   nZ 0,1,2, ,n 1       n  n  n nZ ,  


 ns, t Z 

s t  n  ns t 

  ns, t Z  n ns t Z 

nx, y, z Z 

 n 1x y r     n 1 n 1n z r z sx y     

1 1 1p Z x y np r     

2 1 2 1p Z r Z np s     

 1 1 1 2 1 1x y z np r z np np s , 0 s n          

n 2y z r    n n 2 n 2x Y Z s x r     

1 2 1 2 2 2 2q , q Z Y Z nq r , x r nq s        

1 2 1 2x y z x nq r nq x r       

1 2 2nq nq s  

 1 2 2 2n q q s , 0 s n     

 1 2s s 

   n nn nz xx y y z    
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 n n n0 x x 0 x x Z      

 nZ 

 n nx Z n x Z   

 nx n x 0  
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 n nZ ,   nZ1 

 n nZ ,  
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 H a  a  a 
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  0 1 2 m 1x e a , a , a , ,a     

 0 1 2 m 1e a , a , a , a      

0 i j m 1     i ja a 

m j i 0    j i j ia a a e   

 ma e  m 

 0 1 2 m 1e a , a , a , a       

 2 m 1G e,a, a , ,a      

 

A. G a  n ma a m n  n m n ma a a 

na n  n ma a n m G, z,  

 G, z,  


B. G a  0 1 2 m 1e a , a , a , a        0,1,2,........,m 1  i, j 

i j i j ra a a a   m d
i r , 0 r m    

 mi ji ja a a 

ia  i  i ja a  mi j  G a  m mZ ,  

G,  m mZ ,  


  Z,   3Z,  n Z 3nZ

  3 3n 3mn m   Z n m Z3n 3m  Z,  

3Z, 
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 SAQ 
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b

 

  G a  n  ma e  m  n 



m nq r, 0 r n     Z q, r 
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 d g.c.d. x, y Zs,n      d xn ys  

d | s, d | n  nn s
1 x y ,

dd d
       
   


s

d


  n s
g.c.d. 1,

d d
 


ms

n
 m 

s
m

ms d
nn
d

 
 
 
 
 
 



s
m

d
   
 


n

d
 
 
 

 m 

 n s
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d d
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 m 
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m
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  G a  nG   r Ga  

  g.c.d. 1r,n  

 r rG na a  

  
n

n
g.c.d. r,n

  

  g.c.d. 1r, n 

  n  G a   n 
   n  n  n 

1 s n   G  sa   g.c.d. 1s,n 



  1 2 k, ,.............    i 1 2 k0 1 i k, p ,p ,..........., p     

1 2 k
1 2 kn p , p ,............., p   G  G n G 



 
1 2 k

1 1 1
1 1 1nn

p p p
                 
     



  15Z 

 15Z   15

15 3 5 

  1 1
15 2 4 81 115

3 5
           
   

 15s Z    g.c.d. 1s, 15  

 15Z  1, 2, 4, 7, 8, 11, 13, 14 
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  60Z 

  
60 60

230
g.c.d. 3030, 60

  

 0,3030 

  p,q  pqZ 

 pqZ 

  1 1
1 1pqpq

p q
        
  


     pq p 1 q 1

p 1 q 1
pq

 
   

 SAQ p  r 1  rp
Z 

    G  H, K r, sH K  G 

  r,s 1 G  rs 

 H a  K b   O ra    O sb  

Gab = ba

  k eab   ab ba   k k kab a b e  

k ka b 

a,b  k ka ,b 

     k k k k ka b O O Oa b b
    

 O r,a     kO ra

   kO b s O b s 

   kO a r, s
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  1r,s      k kO O 1a b 

 ka e  kb e 

   O r, O s r | ka b    s k

 r,s  k 

    
 

r s r s
O l.c.m. rsr,sab

1r,s
   

G  ab  rs 

 (S.A.Q.)

 SAQ  0 1 2 3 4 5

1 2 3 4 5

 
   

 


1 2 3 4 5

2 4 5 1 3

 
   

 

2 1 2 3 4 5

4 1 3 2 5

 
   

 

3 1 2 3 4 5

1 2 5 4 3

 
   

 

4 1 2 3 4 5

2 4 3 1 5

 
   

 

5 1 2 3 4 5

4 1 5 2 3

 
   

 

6 1 2 3 4 5

1 2 3 4 5

 
   

 

  0 2 3 4 5, , , , ,      
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0 1 2 3 4 5

0 0 1 2 3 4 5

1 1 2 3 4 5 0

2 2 3 4 5 0 1

3 3 4 5 0 1 2

4 4 5 0 1 2 3

5 5 0 1 2 3 4

     

      

      

      

      

      

      

   3 3S 6, S 

 SAQ    1, 2 5, 6, 7, 8  

  1, 2  2

  5,6,7,8  4

   .c.m. 2,4 4 

  SAQ  AS   a,b   x A 

x a,   2x b a xa      

x b   2x a b xb      

 x a,b   2x x xx     

 I 

 1 

 SAQ nS  1 2 2k 1        

 1 2 2k 1, ,...............,    

1 1 1 1
2k 1 2k 1 2k 1 2k 1
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nS  

1     n, A    

 SAQ  1 2 2ka , a , ,a    

    2
1 2 2k 1 2 2ka , a , a a , a , ,a           

    1 3 2k 1 2 4 2k 2 2ka ,a , a a , a , ,a , a         

 2 

 SAQ 6, 6Z      2 0,2,4 , 3 0, 3 



 SAQ a  0 2 m 1
1 1G e a , a, a , ,a        

 0 2 m 1
2 2G e b , b, b , ,b       

ra  rb 

m mr s r sr s r sa a a b b b    

 1G  2G 

b 1 2G , Ga b   na  nb 

 n m n m n m n ma a a b b b   

 1G  2G 

 SAQ rp
Z   rp 

     r r 1r 11p p p 1p p
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  A  x      x AT S x x       AS  xT  


 A A 

 A  B  x  x is a fixed element of B 

 AS x x    AS B B    AS 

  A 1,2,3,4,5,6,7,8 

i    1,3,5 4,7 6,8 ii    1,2,4 3,5,6 7,8

iii    3,5,6 1,7 2,4,8 iv   2,3,4 1,5 6,7,8

 1 2 3 4 5 6 7 8

3 6 4 1 8 2 5 7

 
   

 


 3A 

 n 2  nS  H  H 
 H     
H A H B 

 Ga  1a  G 

  G           a  

xa ax  x G   21xax 

 p pZ   p0 , Z 

     11p p 1p p      pZ     pZ  



 

iiiiiiivv
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i 16Z ii 30Z iii 45Z iv 60Z v 17Z

  klein 4  3S 



  A  A  AS 


  A 1,2,3,4,5,6,7   
1 2 3 4 5 6 7

2 3 4 1 6 7 5

 
   

 
  

1 2 3 4 5 6 7

4 3 1 2 6 7 5

 
   

 

 1 1, , ,      

 3S 

 n 3  nS 

 AS   


 


 

 A 

 A 


  A 1,2,3,4,5,6,7,8  1 2 3 4 5 6 7 8

8 2 6 3 7 4 5 1

 
   

 

 

 AS   n   n 

 A 


 n 2,  nS  nA  nS 
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 1 2 3 4 5 6 7 8

8 2 6 3 7 4 5 1
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ma e,  m 
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n

d
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 (Applications)

 (S.A.Q.) 

 

 

 

 

  



      
(Partition)  (Blocks or Cells) 
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(S.A.Q.s) 

 

 G  G  : G G  

 i  

 ii      xy x y     x, y G

 G G G G G

G G G 

  SAQG
G


(maps)

  G  G  : G G   e  e  G 
G 

i e e  ii   11a a       a G 

ie G G e G        e e e ee e e         

G 

 e e  

ii a G  1a G, a G      1a G  

    1 1e e aa a a        

    1 1e e a a a a        
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 a   1a  

  1 1a a   

 SAQ 1 1
onto

: G G    x G   nnx x   n Z  

   SAQ  1 1
onto

: G G       G      G a



 x G, x  a 

 

G G 

G G  

   one one 

   onto 

     xy x y     x, y G 

  4Z  V 


 G  G 4   G  e 

 2x e , x e   G  x 

 G e , x, y, z 

i y  y, Z  Z 

ii y  Z 
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i

G  V 

e x y z

e e x y z

x x e z y

y y z e x

z z y x e


 






e a b c

e e a b c

a a e c b

b b c e a

c c b a e

 :G V  e e, x a, y b, z c        

 

 

 G G  p,q      pq p q    

  V  G 

ii

G  4Z 

e y x z

e e y x z

y y x z e

x x z e y

z z e y x


 






0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

 4:G Z  e 0, y 1, x 2, z 3        

 

 

G G   p,q      pq p q    

  4Z G 

 n  n nZ ,  

   e    G   n      G  a  
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 0 1 2 n 1G e a , a , a , ,a       

 nG Z   0 r n 1    ra r  

 r sa a     r s   r sa a  

 nr Z   ra G  ra r   

 r sa , a G r s np q, 0 q n 1      
 Z  p,q 

 nr s q 
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p r sr s r s np q np q n q p q qa a a a a a a a e a a a           

    nr sr sa a a        r s
n

n
r s a a    

 G  nZ  

 R  R r R r 0    R 

R 



 : R R   xx e   x R  

  xe exp x  

 x y     x ye e   x y  

 r R .    n n ex r R r log r   

nrx e r  

 

     r s r sr s e e e r s        r, s R 
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 nG a n Z  

G  n m  n ma a 

 :G Z   na n  

 n ma a    n m   n ma a

 

 n Z  na G  na n   

 n m n m n ma a a n m a a        

 G  Z  

 SAQ

 




  G  G  G  G 
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  Z R  z, , R,  

G G G, G

(formal) 

 


 


 

 

 

 

 

 a  2x a 



 

 

 

 

 

 

  R,  



 

G x G
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: G G  

g G g G g g         G  x 
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 nng g x x      

G x  

 

G G G 

 : G G  

 x, y G    a,b G    a x   b y  

          xy a b ab ba b a yx          

G 

   Z,   Q, 

  Z, 

 Q, 

 Z  Q 

  6 6 3Z , , S 

 i 6Z  3S 



 ii 6Z  3S 

6Z  3S 

     * *Q Q\ 0 , R R \ 0  

i  *Q  *R 
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ii a R ,  3x a  *R 

 *Q  3x 2  *Q 

  *R 
*C 

i *R     1 , 1, 1 

 *R  *C i 

 1, 1, i, i   *R 

ii *C  *a C ,  2x a  2x 1   *R 

  *R ,  



 R,  a R  x x a  

 *: R R  

x 1   R  x 

x
y R

2
   y y x  

      21 x y y y y y           

 R  *R 

 

(Cayley) 

 

 G G  GS



 a G  a : G G   ax xa    x G 
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 ii b G, xa b   G  a 

a Ga G, S  

 aG a G   

 GS G GG 

GS  G 

     a b b abx xa xa b x ab x         a, b G  

 a b ab    G a, b G   G 

G e 

ex xe x    x G   GS  e  e G  

 1 1 1 1a e aa a a a a a             

 1
1
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G

    

 GS G 

G G 

 : G G   aa     a G 

 a b a ba b e e ea eb a b             

 

  

    ab a bab a b         

   G  G 

   G  G  (Righ

Regular Representation) 
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  a G  ax ax    x G 

     a b ba        aG a G      GS  

 :G G   1a
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GG 

 

e a b

e e a b

a a b e

b b e a



e
e a b

e a b

 
   

 
 a b

e a b e a b
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a b e b e a

   
      

   



e a b

e e a b

a a b e

b b e a

  
   
   
   

 G a G  a a a 
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 S S 
P S P S 
(Partition)  P P   Block or Cell 
S S S 

a  aB 
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 Ha ha h H  

G  Ha aH 

  P   Z  pZ 

Z pZ 

 n pn pZ pZ  

x Z n, r Z x r pn, 0 r p       

 x pZ r pn pZ r pn pZ       

 r pZ 

   0 pZ pZ, 1 pZ, 2 pZ, p 1 pZ           

 SAQH H 
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G e G  eB 
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1

a
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B B B B  

1 1
e ea x B a x b B     

ex ab aB  
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 G H G H  r, 



  1a b mod H a b H  

  1
ra b mod H ab H    r,  

G G e  mod H  r mod H

e  H 

  H 

r  H 

  (Reflexive) :

1a a e H    a G 

  a a mod H for all a G .

 (Symmetric) :

      11 1 1 1 1 1a b mod H a b H a b b a b a H
           

          b a mod H 

   a b mod H b a mod H    

 (Transitive) :

   a b mod H , b c mod H  

1 1a b H, b c H   

 1 1 1a b b c a c H a c mod H       

  mod H G 

G     e   mod H   e      eB
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  1 1
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